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Abstract: We present an adaptive sampling strategy for the optimization-based structure-
preserving model order reduction (MOR) algorithm developed in [Schwerdtner, P. and Voigt,
M. (2020). Structure-preserving model order reduction by parameter optimization, Preprint
arXiv:2011.07567]. This strategy reduces the computational demand and the required a priori
knowledge about the given full-order model, while at the same time retaining a high accuracy
compared to other structure-preserving but also unstructured MOR algorithms.

A numerical study with a port-Hamiltonian benchmark system demonstrates the effectiveness
of our method when combined with this new adaptive sampling strategy. We also investigate

the distribution of the sample points.
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1. INTRODUCTION

We consider structure-preserving model order reduction
(MOR) for linear time-invariant port-Hamiltonian (pH)

systems of the form
P ly() = BTQu (),
where J, R, Q@ € R"*" and B € R™™"™ with J = —JT,

R >0, andQ>0 Wecallz : R —- R", u: R — R™, and
y : R — R™ the state, input, and output of the system
respectively. The Hamiltonian H : R* — Rt := {a €
R | a > 0} of ¥,u, which describes the total internal
energy of the system, is given by

Hw(t)) = 2(H)TQa(d).
The transfer function of Xy is given by
Hpn(s) == BTQ (sI, — (J = R)Q) ™"

It is a real-rational matrix-valued function that describes
the input-to-output mapping in the frequency domain.

The use of pH models in systems and control applications
comes with several benefits. First, pH models provide a
systematic way to model the interaction of different sub-
systems, particularly across different physical domains or
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time scales (van der Schaft and Jeltsema (2014)). More-
over, pH systems are automatically passive (Beattie et al.
(2019)). This further simplifies the use of pH subsystems in
a networked system since the power-conserving intercon-
nection of passive systems is again passive and the passiv-
ity of a system implies its stability (if it is minimal). Fur-
thermore, the pH paradigm allows for structure-preserving
spatial semi-discretizations of partial differential equations
(Serhani et al. (2019)) such that systems as defined in (1)
can be obtained from first principle modeling.

However, the increased demand for highly accurate models
leads to systems with a large state-space dimension n in
most practical applications. This often renders the analy-
sis, simulation, or control of such systems computationally
demanding if not prohibitively expensive. For that reason,
MOR can be employed to compute a surrogate reduced-
order model (ROM) with state-space dimension r such
that » < n and an input-to-output mapping similar to the
full-order model (FOM). For a comprehensive introduction
to MOR we refer the reader to Antoulas (2005).

Well-established MOR methods such as balanced trun-
cation (BT) or the iterative rational Krylov algorithm
(IRKA) focus on computing ROMs with a high accu-
racy in terms of the input-to-output mapping but neglect
the preservation of additional structural properties of the
FOM. In particular, the ROM computed for a given pH
model is not necessarily pH. However, when the pH prop-
erty of that model is used for the automatic construction
of a networked system, then the preservation of the pH
property is essential. For this reason, the preservation
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of additional structural properties during MOR is also
considered in the literature.

The method in Gugercin et al. (2012) adapts IRKA to also
preserve the pH property of a dynamical system, while the
method in Polyuga and van der Schaft (2008) (pH-BT)
uses a balancing based approach. In our previous study
(Schwerdtner and Voigt (2020)), we observe that for both
methods the accuracy is drastically reduced compared to
non-structure-preserving IRKA or BT (this can also be
observed in Fig. 4), and develop a new optimization-based
MOR framework that also preserves the pH structure
but has a similar accuracy as the non-structure-preserving
MOR methods. We also report that recently Breiten and
Unger (2021) have developed a passivity-preserving MOR
method built on the spectral factorization of a pH system’s
transfer function that achieves an accuracy similar to the
original IRKA. Here the pH structure can be recovered
after the reduction using a state-space transformation
outlined, e. g., in Beattie et al. (2015). Another passivity-
preserving approach is positive real balanced truncation
(Desai and Pal (1984)).

The purpose of this work is to overcome one of the major
issues with our direct optimization approach as introduced
in Schwerdtner and Voigt (2020). This approach is based
on approximating the transfer function of the given FOM
at a set of ng € N sample points S := {s;}i=1..ns C iR,
where iR denotes the imaginary axis. The major issue
is that these sample points are fixed and required as
user input. However, the approximation quality of the
resulting ROM heavily depends on these sample points.
Furthermore, the selection of these sample points is not a
trivial task. On the contrary, it requires knowledge about
the FOM, which is typically computationally expensive
to obtain, and an understanding of the methodology
that is used to approximate the FOM. Therefore, in
this article, we introduce an adaptive sampling strategy,
which automatically chooses new sample points as our
method progresses. This strategy is based on an argument
introduced in Apkarian and Noll (2018).

2. PRELIMINARIES

In this work we consider the space RHZ*™ of all real-
rational and proper m X m transfer functions that have
no poles in the set C+ := {A € C | Re(\) > 0}. For
H e RHZ*™, the Hoo norm is given by

[Hlly. = sup [H(A)[ly = supoi(H (iw)),
AeCH weR

where o1 (-) denotes the largest singular value of its matrix
argument. The H,, norm is often used to determine the
approximation quality of a ROM due to the well-known
error bound

Y = Fll 2 0,00y &y < 1 H = H]J5,_l[ull 20,000 )

in which y and H as well as § and H denote the output
and transfer function of a FOM and its ROM, respectively.
Note that, alternatively, the Hs norm can be used as
accuracy measure as it provides a similar error bound.
Therefore, most MOR methods for linear systems aim
at computing ROMs such that the error of the transfer
functions with respect to these norms is small. In the
following, we denote the Euclidian norm of the evaluated

error transfer function by E(s) = ||H(s) — H(S)H2 We
focus our investigation on the H,, norm but the results
for the 5 norm are similar, which can also be observed
in Schwerdtner and Voigt (2020).

While most MOR methods compute the ROM matrices
via subspace projection, we construct a parameterized
low-order realization and treat MOR as a parameter
optimization problem. A parameterized pH system is given
as follows.

Lemma 1. (Schwerdtner and Voigt (2020)). Let 6 € R™
be a vector with ng :=n (% + m). Furthermore, let 6 be

partitioned as 6 := [9}, oL, 965, Gg]T with 6; € R™(n=1)/2

Or € R(HD/2 95 ¢ RM+1/2 and 95 € R™™. Further
define the matrices

J(0) = vtsu(f;)" — vtsu(6y), (2a)
R(0) = vtu(fr) " vtu(fg), (2b)
Q(8) = vtu(bg)" vtu(by), (2¢)
B(0) = vtf,, m(0B), (2d)

where the function vtu : R*("+1)/2 _ R?X" maps a vector
of length n(n + 1)/2 to an upper triangular matrix, the
function vtsu : R*"~1/2 5 R"*" maps a vector of length
n(n — 1)/2 to a strictly upper triangular matrix, and the
function vtf,, ,, : R™ — R™ "™ reshapes a vector of length
nm to an n X m matrix. Then, to each § € R™ one can
assign the pH system

C Ja(t) = (J(0) — R(0)) Q(O)x(t) + B(O)u(t),
Zpn(0) : {y(t) = B(0)TQ(0)x(t). “
3

Conversely, to each pH system X, with n states and m
inputs and outputs one can assign a vector § € R™ such
that Xpg = Zpu(0) with X,u(6) as in (3).

For details of the construction, we refer the reader to
Schwerdtner and Voigt (2020). In the following, we denote
the transfer function of ¥,u(0) by Hpu(:,0).

The MOR method in Schwerdtner and Voigt (2020) con-
sists of two stages. First, an initialization is performed to
obtain the initial parameter vector 5. Then the parame-
terization is optimized with respect to a sequence of objec-
tive functions designed to minimize the H., norm of the
difference between the transfer function of the given FOM
and the transfer function of the ROM parameterization.

The initialization step is based on a greedy interpolation
strategy presented in Beddig et al. (2019). In particular,
the initial ROM is constructed by iteratively adding imagi-
nary interpolation points at which the H ., norm of the cur-
rent error transfer function is attained. This construction
uses the projection introduced in Gugercin et al. (2012).
The H., norms of the respective error transfer functions,
which are large-scale, are computed using the method
proposed in Schwerdtner and Voigt (2018). Interpolation
points are added, until the ROM has a prescribed state-
space dimension. Then the parameter 6 is extracted from
this initial model to create the initial parameterized pH
system and the optimization stage is started.

A direct gradient-based minimization of the Ho, error is
avoided, since
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(i) the repeated Hoo norm computation for large-scale
systems is computationally demanding despite effi-
cient methods that were proposed recently,

(ii) the Hoo norm depends nonsmoothly on the model
parameters, which obstructs the optimization, and

(iii) the gradient of the Mo, norm (if it exists) contains
little information for a good descent direction because
it only considers the error at a single point.

Instead we propose to minimize the objective function
L(v,H, Hou(-,0),5) :=
2
=Y ()~ Hnlst)ll, =),) - @
s; €S

where

r ifx>0,

0 ifz<O

with respect to 6 for decreasing values of v > 0 to fit
Hpu(-,0) to a given transfer function H.

()4 : R — RF, m»—){

Remark 2. A few remarks on L are in order.

(i) The value of L is zero if the norm of the error between
the given and the reduced transfer function is less
than ~ at all sample points. In this way, a connection
between L and the H., error minimization problem
is established.

(ii) Under mild assumptions it can be shown that L

is differentiable with respect to 6 at some point

0y € R™ which facilitates the optimization.

The gradient of L with respect to 8 contains a descent

direction that considers all sample points, at which

the error is larger than the current level ~.

(iii)

The optimization step consists of first finding a suitable
value for 4 and then minimizing L using nonlinear opti-
mization techniques (we use the implementation of BFGS
from Mogensen and Riseth (2018)). In this work, we select
~ using bisection, i.e., when the optimization determines
a minimum at which L is zero, we reduce  for the con-
struction of the next optimization problem, otherwise it is
increased. The method is similar to the method described
in Alg. 2. However, Alg. 2 includes the adaptive sampling
strategy, which is explained in the following section.

3. OUR METHOD WITH ADAPTIVE SAMPLING

Since a zero value of L only guarantees that the error is
less than ~ at the given sample points, the distribution
of these points plays an essential role in connecting the
minimization of L to the minimization of the overall H,
error. If the sample points are distributed such that some
peaks in the error transfer function are missed entirely,
then a minimization of L does not lead to a good H fit.
This consideration may cause the user to prescribe a large
number of sample points. However, the cost of evaluating L
and its gradient grows with the number of sample points,
so a large number of unnecessary sample points should
also be avoided. For these reasons, an automatic selection
of the sample points is desirable.

We propose a sample selection algorithm based on the
following result from Apkarian and Noll (2018). Therein,
for wi < wa, L|wi,ws] is called a first-order upper bound

for a continuously differentiable ¢ : R — R¥, if Lwy, wo] >
|¢ (w)| for all w € [wy,ws].

Lemma 8. (Apkarian and Noll (2018)). Let ¢ : R — R+
be continuously differentiable and let w; and w;41 be two
consecutive nodes of a piecewise linear interpolation P
of ¢ such that v* > max{¢(w;), ¢(w;41)}. Furthermore,
let L]w;,w;+1] be a first-order upper bound for ¢ on the
interval [w;, w;4+1]. Assume that for a given tolerance 7 > 0
we have that

Llws, wip1](wirr —wi) < 29" +27 — ¢(w;) — ¢(Wz‘+1)-(5)

Then, ¢(w) < v* + 7 for every w € [w;, wit1].

In Apkarian and Noll (2018) this result is used to construct
an accuracy certificate after their main optimization algo-
rithm (which computes H controllers) has terminated to
restart it on a finer grid, if necessary. Since our method, on
the other hand, is based on multiple optimizations of L for
varying values of 7, and, moreover, a meaningful tolerance
is also given by the target value for v, we can use Lemma 3
already within our algorithm to update the sample points
as 7y is decreased before the nonlinear optimization step is
started.

We use Alg. 1 to update the sample points that are
used in the objective in Alg. 2 to achieve a good Ho
fit. The sampling update in Alg. 1 works as follows.
Between each pair of adjacent sample points, a new sample
iwgest 18 chosen and the difference quotients between this
new sample and the two respective adjacent points are
computed. The maximum of these difference quotients
serves as estimate for the first-order upper bound in the
respective interval. The tolerance (7 in Lemma 3) is set
to the current level . If now the criterion given in the
inequality (5) which guarantees that the error between the
two sample points is less than v* + 7 is not met, the extra
sample point iwiess 18 added to the sample point set. Due
to the fact that multiple additional points may be required

Algorithm 1 Logarithmic Sampling Adaptation

Input: The error £ : Ct — R*, imaginary parts of
current sample points S = {wi, ..., wne}, current
level v > 0.

Output: Updated set of sample points S.

1: Set Npew := 1.
2: while n,c > 0 do
3: Sort {wi, ..., wng} such that w; < w;y; for i =

1, ceeyng — 1.
4 Set Npew := 0.
5 fori=1,...,ng—1do
6: Set Wiest 1= 100081 (wi)+logyg(wit1))/2
7 Set dl = (E(iwtest) - E(iwi))/(wtest — wl)
8: Set d2 = (E(iwlqu) — E(iwtest))/(le — wtest).
9: Set v* := max{E(iw;), E(iwi+1)}-
10: Set d* := max{dy, dz2}.
11: if d*(wiy1—wi) > 2(v*+7) — (E(iw;) + E(iwiy1))
then
12: Set Nnew := Nnew + 1.
13: Set ng:=mng+ 1 and set S := S U {wiest }-
14: end if

15:  end for
16: end while
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Fig. 1. The progress of Alg. 2 for reduced model order of r = 8 is depicted for decreasing levels 7. The FOM transfer
function is illustrated as black solid line, the ROM transfer function is depicted as green dashed line, and the error
is shown as blue dash-dotted line. The sample points are depicted as black crosses.

Algorithm 2 Iterative Reduction Algorithm

Input: Transfer function H € RHZ*™, initial parame-
terized transfer function Hpg(+,0) € RHZX™, Yimax >
0, initial sample points S, bisection tolerance 7y,.
Output: Optimized ROM transfer function Hpw (-, fopt)
1: Set Ymin := 0 and 7 := Ymax-
2: while y7, < (Ymax — Ymin) dO
3: Set Y= ('Ymax + ’Ymin)/Q'

4:  Update S using Alg. 1.

5. Update Oopt := argmingepn, L(v, H, Hpu(-,0),.5).
6: if L(v, H, Hpu(:, 0opt), S) > 0. then

7 Set Ymin := 7.

8 else

9: Set Ymax = 7-

10:  end if

11: end while

between two original sample points, we iterate through the
set of sample points until no more new points are added.
Note that in Alg. 1, for simplicity, we only refer to the
imaginary parts of the sample points.

Remark 4. Apkarian and Noll (2018) use the difference
quotients between the two adjacent sample points already
in the set as estimate for the derivative upper bound. How-
ever, since our method tends to cause the error function to
attain similar values (in magnitude) at the sample points,
the actual derivative is heavily underestimated, when this
difference quotient is used. Inserting the extra point be-
tween the two samples, on the other hand, provides better
estimates for the derivative.

In Alg. 2, our adaptive sampling MOR, algorithm based
on a bisection over v is described. In each iteration, first
the sample points are updated as described above. Then a
minimizer ¢ is computed for the objective function for
the current « level. For that, we use a BFGS optimization
solver from Mogensen and Riseth (2018). If the final
objective value is zero, i.e., the error at all sample points
is below +y, then Y. is updated to the current value of
such that v is reduced in the next iteration. Otherwise, the
currently required accuracy is not met and + is increased
by setting Ymin to the current value of ~.

4. NUMERICAL EXPERIMENTS

We evaluate our new adaptive method on a pH mass-
springer-damper chain benchmark example also used in
Gugercin et al. (2012) to assess the performance of the pH
structure-preserving variant of IRKA. We set the state-
space dimension only to 100 to be able to compute the
global H., approximation error during the evaluation.
However, we demonstrate in our previous work (Schw-
erdtner and Voigt (2020)) that for larger state-space di-
mensions, neither the shape of the transfer function of
the given pH model nor the performance of our reduction
algorithm change significantly. Moreover, the model has
m = p = 2 inputs and outputs. The purpose of our
experiments is (i) to demonstrate that the H ., accuracy of
the adaptive method is comparable to our previous method
despite using significantly fewer sample points; and (ii) to
investigate where the adaptive sampling method places the
sample points.
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Fig. 2. Histograms showing the distribution of the sam-
ple points after Alg. 2 has terminated for different
reduced model orders.

Our experimental setup is as follows. We compute ROMs
for the pH benchmark system for reduced state-space
dimensions 4, 6, ..., 20. For that, we run our greedy inter-
polation initialization procedure and stop at 2, 3, ..., 10
interpolation points. After that, the initial parameter 6
is extracted from the initial reduced model and the ini-
tial parameterized model is constructed. As initial set of
sample points, we concatenate a set of logarithmically
spaced points {1078, 1077,...,105} with the interpolation
points computed during initialization. For the bisection
parameters we choose 7, = 0.1 and initially set ypmax = 0.5.
Note that vy, is always set to zero. All experiments are
run in julia (version 1.5.3) on an Intel® Core™ i9-9900K
CPU at 3.60 GHz with 32 GB of RAM.

In Fig. 1, we illustrate the progress of our method over
the first 6 iterations, as 7 is decreasing. At early stages
of the algorithm (Fig. 1 (a—c)), the error at the different
sample points varies, while it attains similar values close
to v at later iterations, except beyond a certain frequency
at which all depicted transfer functions converge to zero.
This rather flat error curve indicates that a good H fit is
found. Furthermore, most sample points are added around
10°, which is where the transfer function of the FOM has
two peaks.

In Fig. 2, histograms showing the distribution of the sam-
ple points after the completion of Alg. 2 are depicted for
different reduced model orders and, consequently, different
final accuracies. We can observe that as the reduced model
order and at the same time the final accuracy increases,
the concentration of sample points around 10° intensifies.
This is due to the fact that the error has many small peaks
in this frequency range, which lead to a larger estimate of
the first-order derivative bound. This can also be observed
in Fig. 3, in which the spiky behavior of the error transfer
function between 10~ and 10! is illustrated.

147

Fig. 3. Final error transfer function for reduced model
order r = 20 depicted in blue. The corresponding
level is shown as red dotted line.

Table 1. Number of sample points for different
reduced model orders during the execution of
Alg. 2 at different intermediate values for ~.

- " 4 6 8 10 | 12 14 16 18 20
2.50e-01 16 | 17 | 18 | 19 | 20 21 22 23 24
1.25e-01 16 | 17 | 18 | 19 | 20 21 22 23 24
6.25e-02 21 | 21 | 21 | 22 | 22 23 23 23 25
3.13e-02 - 38 | 36 | 34 | 29 30 27 24 26
1.56e-02 - - 44 | 46 | 54 53 53 45 32
7.81e-03 - - 57 | 59 | 63 70 75 65 68
3.91e-03 - - 63 | 63 | 66 74 81 78 106
1.95e-03 - - - 66 | 67 78 87 84 108
9.77e-04 - - - 76 | 76 83 94 88 111
4.88e-04 - - - 81 | 82 90 95 97 118
2.44e-04 - - - - 88 91 99 101 | 121
1.22e-04 - - - - 94 99 104 | 103 | 123
6.10e-05 - - - - - 103 | 110 | 106 | 128
3.05e-05 - - - - - 110 | 115 | 113 | 133
1.53e-05 - - - - - - 128 | 124 | 144
7.63e-06 - - - - - - - 132 | 152
3.81e-06 - - - - - - - - 159

In Tab. 1, the number of samples for each model order
and value for « that is attained during optimization is
given. Note that we only show the v values as long as
the bisection leads to a decreasing value, since no points
are deleted, when + is increased. The increased number
of sample points for larger reduced model orders in the
first row is due to the initialization, which can use one
more interpolation point as r is increased by two. It is
remarkable that despite the fact that + decreases over
several orders of magnitude, the number of sample points
stays moderate and typically only a few sample points are
added as « is halved.

This only slight increase in the number of samples is due to
our iterative decrease of . Since the accuracy of the ROM
is gradually increased, the criterion in line 11 of Alg. 1,
requires fewer sample points even for a smaller tolerance
(which is always set to 7). If we, instead, were to fix v to
the final accuracy and consult Alg. 1 for the sample points
based on the initial ROM, the number of required sample
points is drastically higher, from 38 samples for r = 4,
to 8962 for r = 12, and to 160536 samples for r = 20.
Such a large number of sample points would make the
evaluation of L and thus its gradient-based minimization
prohibitively expensive. This underlines the importance
of combining the adaptive sampling strategy with our
iterative reduction of v in our objective function L.
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Table 2. Runtime comparison between Alg. 2
and its fixed sampling counterpart.

runtime time in seconds
r fixed sampling Alg. 2 speed up ratio
4 4.50e+01 2.40e+00 18.7
6 1.61e+02 8.44e+4-00 19.1
8 1.66e+-02 6.06e+-01 2.73
10 9.26e4-02 1.29e+02 7.16
12 9.46e4-02 1.94e+02 4.87
14 1.13e+03 4.76e+02 2.37
16 4.21e+03 3.09e+02 13.6
18 3.64e+03 1.10e+03 3.32
20 5.39e+03 1.58e+03 3.40
= BT —- pH-BT O TIRKA

¢O— pH-IRKA —A— prev. paper —A— our method

Hoo error

Fig. 4. Ho, error comparison

In Tab. 2, the runtimes of Alg. 2 for different reduced
model orders are reported and compared to a fixed sam-
pling variant of this algorithm, in which around 800 log-
arithmically spaced sample points are chosen before the
optimization is started. The speedup ranges from around
3x to 19x and we note that for the two smallest reduced
model orders the speedup is the largest. For each reduced
order except for 7 = 18 the number of optimizations (line 5
in Alg. 2) was the same for both the fixed and the adaptive
sampling approach. Also the resulting H., errors, which
are studied in Fig. 4, are approximately the same.

Fig. 4 emphasizes that our new adaptive method leads
to a similar accuracy compared to our previous method
with a large fixed number of samples. We also men-
tion that our method yields structure-preserving ROMs
with an orders-of-magnitude higher accuracy compared to
the other structure-preserving MOR algorithms pH-BT
and pH-IRKA and even outperforms the non-structure-
preserving methods BT and IRKA for all reduced model
orders considered in this comparison.

5. CONCLUSION

We have equipped our optimization-based structure-
preserving MOR algorithm from Schwerdtner and Voigt
(2020) with an adaptive sampling strategy to increase its
usability and lower its computational footprint. In our nu-
merical experiments, we have demonstrated that combin-

ing this adaptive sampling with our reduction algorithm,
which is based on an objective function that iteratively
increases the overall accuracy, is beneficial to keep the
number of samples low while retaining a high accuracy.

Future research includes extending the method to para-
meter-dependent systems as well as to additional model
structures. Finally, the improved accuracy (also compared
to the unstructured MOR algorithms) motivates studying
the accuracy of our method also for unstructured systems.
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