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BALANCED TRUNCATION MODEL REDUCTION FOR
SYMMETRIC SECOND ORDER SYSTEMS—A PASSIVITY-BASED
APPROACH"
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Abstract. We introduce a model reduction approach for linear time-invariant second order
systems based on positive real balanced truncation. Our method guarantees to preserve asymptotic
stability and passivity of the reduced order model as well as the positive definiteness of the mass
and stiffness matrices. Moreover, we receive an a priori gap metric error bound. Finally we show
that our method based on positive real balanced truncation preserves the structure of overdamped
second order systems.
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1. Introduction. In this article, we consider linear second order systems with
co-located inputs and outputs of the form

(L1) ME(t) + DE) + KE(t) = Bult), y(t) = BTEW)

with symmetric M, D, K € R"*" where the mass matrix M and the stiffness matrixz
K are positive definite, while the damping matriz D is positive semidefinite and
B € R™™_ In applications, the state space dimension n typically becomes unfeasibly
large for simulation, optimization, or control. This causes a demand for a good
approximation of the system. Therefore, an upper bound in a certain quality measure
is desirable for a model order reduction method. Such a quality measure can be some
norm of the error system, such as the H° norm for stable systems, or the so-called gap
metric [13, 14] between the original and reduced order system. The latter expresses
the distance between the input-output trajectories of two systems. On the other hand,
our model has three key attributes that a reduced model should inherit, one of these
being the second order structure together with the symmetries, meaning the reduced
system should be of the form

(1.2) ME(t) + DE(t) + KE(t) = Bu(t), §(t) = BTE(t),

with symmetric M, E, K € R™" and Be R"™™  where r < n. Other physically
meaningful properties are asymptotic stability and passivity, which should also be
preserved. Passivity describes the property that the energy in the system is solely
induced by input and output and may be dissipated or conserved in the system.
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MODEL REDUCTION FOR SECOND ORDER SYSTEMS 1603

Some progress has been made in [7, 33] and preservation of physical properties in
the reduced order model is possible for co-located inputs and outputs. Further second
order reduction methods have been developed in [3, 7, 9, 12, 21, 28, 36] (see also [33]
for an overview). Besides these, there exist interpolatory methods, which succeed in
either preserving the second order structure [37] or delivering a posteriori H> error
bounds [29]. However, all the approaches mentioned lack a combination of the two.

These approaches all have in common that the ansatz for the reduced order model
is £(t) = W,E(t) for some “tall matrix” W, € R™ " and an accordant multiplication of
the state equation in (1.2) from the left with some “fat” matrix V. € R™*". Our ap-
proach is somewhat different from these. Namely, we first perform a reduction of the
first order representation, and accordingly carry out a transformation yielding a sec-

ond order model. This corresponds to a reduction ansatz () = W, 1£(t) + W, 2£(t)
together with a linear combination of the state equation and its derivative such that
again a second order system is obtained. The basis for our considerations is the
technique of positive real balanced truncation, which is a passivity-preserving method
for first order systems; see [10]. Moreover, an a priori error bound in the gap met-
ric is provided [19]. We present a modification of positive real balanced truncation,
which preserves the second order structure, symmetry of the system matrices, pas-
sivity as well as positive definiteness of the mass, and stiffness matrices. Moreover,
if the original system is asymptotically stable, then the reduced system inherits this
property. Namely, we show that, under an extra condition on the so-called zero sign
characteristics, the reduced order model obtained by positive real balanced truncation
of a first order realization of (1.1) can be transformed to a second order realization
of the form (1.2). To this end, we use the theory of standard triples by Gohberg,
Lancaster, and Rodman [16] to derive a second order realization (1.2) in which the
mass and stiffness matrices are positive definite, and the damping matrix has at least
r —m positive eigenvalues provided that r > m. Furthermore, if the original system is
overdamped (see (7.1)), our method will further produce a reduced order model with
positive definite damping matrix.

Our method in a nutshell. The model reduction technique presented in this
article consists—in theory—of three steps:

XN 3 T T GTH?TE(t)
Step 1: For H,G € R with M = HH', K =GG', weset x(t) := | - ]

with £(t) := HT¢(t) and rewrite the second order system (1.1) as
(1.3)

, 0 G'HT 0 -

20 =i g o] 20+ || w0 w0 =0 BT a0

~————
- ‘/——‘B =:C

The most important feature of this system is that it has an internal symmetry struc-
ture A, = %, A" and C = BT = B'.%,, where .¥, := diag(—1I,,I,). In par-
ticular, its transfer function G(s) = C(sly, — A)7'B is symmetric, i.e., it fulfills
G(s)" = G(s). We will make heavy use of this symmetry structure.

Step 2: We apply positive real balanced truncation [19] to the first order system
(1.3). The internal symmetry structure of (1.3) yields that positive real balanced
truncation can be done by determining only one (instead of two) solutions of the
Kalméan—Yakubovich—Popov inequality. We show that the positive real characteristic
values (see Definition 2.2(b)), can—in a certain sense—be allocated to the symmetry
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structure of the system (1.3). This is the basis for our finding that the resulting first
order model is—without making any further computational effort—of the form

0 0 0 0 0 Aig 0
0 0 0 0 Axs Ay 0
< |o 0 Az Ay 0 Asg| - 0
(1.4) =1 o 0 —AL Auw 0 Ayl O+ o0
0 -AL 0O 0 0 0 0
_A;FG _"4;6 _A;)r6 ./4:{6 0 A66 BG

i =[0 0 0 0 0 B,

where the block sizes from left to right and from top to bottom are m, ¢, p,p, ¢, m,
with 7 = p + m + £. Note that if Asg is zero, then it would—by merging some of the
blocks—be of the form

0

0 Gllzmy M u(t),

o) = [—é -D

(1.5)
5 =[o BT] &),

which would result in a reduced second order model (1.2) with M = I, K = éé—r,
and D = DT. This is regrettably not the case in general, hence we apply the following
step.

Step 3: We apply a state space transformation to (1.4) such that the matrix Ass
vanishes. More precisely, we first intend to find some Te Gly,(R) that preserves the
symmetry structure, i.e., it fulfills fTYpf = .7p, and

1 [ Ass Asd] A 0 A
1.6 T 1 33 34:| T = A34 )
(1.6) LA:L Asa ~Ady Au

Then a state space transformation with 7' = diag(Ierg,f, Ipirm) leads to a system
which is indeed of the form (1.5) and can then be rewritten as a second order system.
To derive such a transformation, we have to use techniques from indefinite linear al-
gebra. In particular, the aforementioned symmetry structure of our system provides
that each real (invariant) zero of the system can be assigned a signature; see Defini-
tion 4.6. If the reduced system is minimal, the zeros with positive signature are given
by some puj <--- < ,ug < #Ll == u',;m = 0 and those with negative signature
by pu; <--- < p < 0. Our main results on the existence and construction of such
transformations are the following (see Theorem 6.7). Suppose the reduced system is
minimal; then the following are equivalent:
(a) The system (1.4) can be written in second order form (1.2).
(b) There exists a 7 € Glzp(R) with fTYpf = ., that fulfills (1.6).
(c) Fori=1,...,k it holds that u; < u;.
Here, the implication “(a)=-(c)” is based on [26, Thm. 16]. If the reduced system is
not minimal or (c) is not fulfilled, we add equations to the system in a fashion that
the newly formed system is also stable, passive, and such that the transfer function
is preserved. Here, in the worst case the number of states, i.e., the size of the mass
matrix, doubles.

Outline of the article. The article is structured as follows. In section 2 we
introduce the passivity preserving balanced truncation and some background material
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from systems theory. In section 3 we present our positive real balanced truncation
ansatz for second order systems and prove some of its main features. The derivation
of the balanced form of second order systems, namely (1.4), is done in section 5.
Before we focus on the reconstruction of the second order structure and the proof of
the necessary condition on the zeros in section 6, section 4 introduces some necessary
concepts from indefinite linear algebra. Section 7 considers the case that the original
system is overdamped. Last but not least, in section 8 we summarize our method in
a numerical procedure and also discuss the numerical treatment.

Notation. The set of natural numbers including zero is denoted by N. The sym-
bols R[s] and R(s) respectively stand for the ring of real polynomials and the field of
real rational functions. We denote by Ct and C+ the open and closed complex half
plane. Further, G(s) € R(s)™*™ is called proper if lims_ o G(s) < oo and strictly
proper if the latter limit is zero. The transpose and conjugate transpose of T € C™*"
are denoted by T'T and T*, respectively. For symmetric matrices X,Y € R™*", we
write X > Y if X —Y is positive definite and X > Y if X —Y is positive semidefinite.
The symbol Gl,(R) stands for the set of invertible n x n matrices with entries in
R. We call S = diag(ey,...,en), where ¢; = £1 for i = 1,...,n, a signature matric
and make frequent use of the signature matrix ., := diag(—1I,, ) € R?"*?"_ For
A € C™*" and x € C", ||A| and ||z|| respectively stand for the maximum singular
value of A and the Euclidean norm of z.

2. Positive real balanced truncation of first order systems. We revisit
positive real balanced truncation for linear time-invariant first order systems

(2.1) #(t) = Az(t) + Bu(t), y(t) = Ca(t) + Du(t)

with A € R™" B,CT € R"*™ and D € R™*™. The dynamical system (2.1) is said
to be minimal if it is both controllable and observable. The transfer function is given
by G(s) = C(sl, — A)"'B + D € R(s)™*™. We also speak of (2.1) as a realization
of G(s) and use the notation [A, B, C, D] to refer to this system, or if D = 0 we write
[A,B,C]. We call p € C an (invariant) zero of [A,B,C, D] if

rankc {‘LLIEjLA g} < rankgs) {SIT(L;LA g} .

In other words, the set of zeros of [A, B,C, D] equals to the set of eigenvalues of the
matrix pencil [*SI" +A g] . If the latter pencil is square and invertible as a matrix over
R(s) (which is, by taking the Schur complement, equivalent to the transfer function
being invertible), then p € C is a zero of [A, B,C, D], if and only if there exists some
v € Cvtm\ {0} with [+ TA BTy = 0.

In the following we deal with systems having positive real transfer functions. That
is,
(a) G(s) has no poles in Ct,
(b) G(A)+G(\)* >0 for all A\ € CT.
If G(s) is positive real and invertible, also G ~!(s) is positive real. As a consequence,
realizations [A, B, C, D] of positive real functions with the property that all eigenvalues
of A have nonpositive real part do not have any zeros in C*. In particular, minimal
realizations of positive real transfer functions do not have any zeros in C*. The
famous positive real lemma draws a link between positive realness of the transfer
function and the solvability of a certain linear matrix inequality.

THEOREM 2.1 (positive real lemma [2, Chap. V]). Let [A, B,C, D] be a minimal
system of the form (2.1) with transfer function G(s) € R(s)™*™. Then G(s) is
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positive real if and only if there exists some P > 0, such that the Kdlman—Yakubovich—
Popov (KYP) inequality

ATP+PA PB-CT
(2'2) W[A,B,C,D] (P) = BTpP—_C _p_DpT <0

is fulfilled. Moreover, there exists a minimal solution Ppnin > 0 and a maximal solu-
tion Pnax > 0 of #japcp)(P) <0, ie., for all other solutions P of (2.2) it holds
that Rnax Z P Z Pmin-

The KYP inequality admits the so-called dissipation inequality. That is, for all
locally square integrable solutions (x, u,y) of [A, B,C, D] and ¢ > 0 it holds that

(2.3) %x(t)TPx(t) < %w(O)TPx(O) —l—/o y(T)Tu(T) dr.

Such systems are also called passive. Since G(s)' is the transfer function of
[AT,CT,BT,DT], this system is passive as well. Therefore, the dual KYP inequal-
ity #jav c7m.57,p7)(Q) < 0 has again a minimal solution. Moreover, P > 0 solves
Wiapeop)(P) < 0if and only if P~! is a solution of #[47 ¢ 57 p7)(Q) < 0. As
a consequence, if Py, is the minimal such solution in the sense of Theorem 2.1, then
Pr;i:; is the maximal solution of the dual KYP inequality.

DEFINITION 2.2 (positive real balanced, internally passive). With the notation
of Theorem 2.1, a system [A,B,C, D] is called
(a) positive real balanced if for the minimal solutions Punin, Qmin of the KYP in-

equalities Wjap.c,p)(P) <0 and W47 o7 T p7)(Q) < 0 we have

Pmin = Qmin = diag(JIIn17 cee »Uh-[nh)a

where o1,...,0p are distinct values in (0, 1]; the latter are called the positive real
characteristic values of [A, B,C, D];
(b) internally passive if #| 4 5.c,p)(In) < 0.

In contrast to the conventional definition of positive real balanced, we do not
assume that the positive real characteristic values of [ A, B,C, D] are ordered.

Note that internal passivity implies that in the dissipation inequality (2.3), the
quadratic form with P is the square of the norm of the state. It has been shown in
Theorem 7 of [34] that any positive real balanced realization is internally passive.

If there exist minimal solutions Puj, > 0, Quin > 0 of the KYP inequalities
Wiapep|(P) <0 and #ar o g7 p7)(Q) < 0, then a certain state space transfor-
mation leads to a positive real balanced realization. We refer to this as positive real
balancing. Our main emphasis is on positive real balanced truncation, that is, balanc-
ing the system and accordingly removing the blocks corresponding to some positive
real characteristic values. This leads to a reduced system which is passive and, if
the transfer function of the original system is asymptotically stable, is again asymp-
totically stable; see [30, Thm. 3.2]. The proof of the latter theorem is valid also
for positive real balanced truncation as discussed in [20, sect. III]. Both steps can
be done at once while also removing the uncontrollable and unobservable parts [38].
Namely, by using factorizations Py = LT L, Qmin = R' R and the singular value
decomposition

(2.4) LRT = [Uy U] Fol 202] [gﬂ

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/10/22 to 213.55.220.36 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

MODEL REDUCTION FOR SECOND ORDER SYSTEMS 1607

we are able to define the reduction matrices W' = Zl_l/ngL and V = RTU121_1/2.
A reduced model received from positive real balanced truncation is given by the
system [WTAV,WTB,CV,D]. If we do not truncate any singular values, then we
obtain a minimal system, as the following lemma shows.

LEMMA 2.3. Let a system [A,B,C, D] with positive real transfer function G(s)
be given. Assume that Pyin, Qmin are minimal solutions of the KYP inequalities
Wiapep|(P) <0 and Wiar e g7 p7(Q) < 0, and let L and R be matrices with
full row rank and Ppny, = LTL, Qmin = RTR. Further, let LRT = UXZ be
a singular value decomposition and let W' = S~V2ZL, V = RTUL Y2, Then
(WTAV,WTB,CV,D] is a minimal and positive real balanced realization of G(s).
Moreover, for any further minimal positive real balanced realization [.Z, g, 5, D] of
G(s) with positive real characteristic values in the same order, there exist orthogo-
nal matrices Q; € R">*" for i =1,...,h such that for T := diag(Q1,Q2,...,Qn),
A=TTAT, B=T"B, andC = CT.

Proof. By using an appropriate state space transformation, we can assume that
Pin =: diag(P;,0) for some positive definite matrix Py, and partition [A, B,C, D]
accordingly, i.e., A = [ﬁ; ﬁ;g], B = [g;], and C = [¢1 ¢2]. Since #{45cm) <0,
the block form yields A2 = 0 and Co = 0, i.e., we obtain a Kédlman observability
decomposition in which the kernel of P corresponds to the unobservable states. On
the other hand, if [A, B,C, D] is in Kdlmén observability decomposition, and Py, =
(b i)
then a simple calculation shows that P = [Pél 8] with #45,cp)(P) < 0. The
minimality of P, therefore leads to P = 0 and Pz = 0. As a consequence, the
kernel of P indeed corresponds to the space of unobservable states. Likewise, the
image of Qmi, corresponds to the space of controllable states, whence, by using the
results from [38], [W T .AZ, W T B,CZ, D] is a minimal positive real balanced realization
of G(s).

The second statement is Lemma 6 from [34]. |

according to the block structure of the Kédlman controllability decomposition,

A consequence of this lemma is that the reduced transfer function does not de-
pend on the specific minimal positive real balanced realization of the original transfer
function.

Now we present details on the error bound of positive real balanced truncation.
To this end, consider the space RH®(C™*™) of proper elements of R(s)™*™ with
entries having no poles in C+. Moreover, let RH?(C™) the space of strictly proper el-
ements of R(s)™ with entries having no poles in C+. A (right) coprime factorization of
G(s) € R(s)P ™ is [ (5] ] consisting of N(s) € RH®(CP*™), M(s) € RH*(C™*™)
such that G(s) = N(s)M(s)~! and there exist X(s) € RH>(C™*™) and Y (s) €
RH®>(C™*P) that satisfy the Bézout identity X(s)M(s)+Y (s)N(s) = I,,. A coprime
factorization [1\141((5))} is called normalized if additionally, M " (—s)M(s)+N " (—s)N(s) =
I,,,. Such factorizations can be computed using techniques as in [27, 41]. Considering
normalized coprime factorizations, a distance measure for general transfer functions
can be introduced. To this end, consider the space H?(C™) of all analytic functions
mapping from Ct to C™ with the property that the supremum over all integrals
of the square of the norm on right parallels of the imaginary axis is bounded. The

square root of the aforementioned supremum scaled by \/% indeed defines a norm on

H?(C™); see [43, sect. 4.2].
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DEFINITION 2.4. Let G1(s), Ga(s) € R(s)P*™ be given with respective normalized
coprime factorizations [1\1\/1[11((58))] and [1\1\/1122((:))] Let Ty, 11y : H?(C™*P) — H?(C™*P) be
orthogonal projectors with

M1 (S)

il = [Nus)

] CHA(C™), il = [11\\1422((;)} - H*(C™).

~

Then the gap between G1(s) and Gs(s) is defined via
04(G1(s), Ga(s)) == [y — Izl L (m2(cm+ry),

where || - || (g2(cm+r)) denotes the operator norm on H?(C™*P).

It is shown in [40] that d,(-,-) fulfills the axioms of a metric. The gap metric be-
tween two (possibly unstable) systems is simply the gap metric between their transfer
functions. The above avowedly abstract definition of the gap metric has a rather tan-
gible interpretation in terms of the distance between the trajectories of two systems
[A;, B;,C;, D;], i = 1,2, which have the same input dimension m and the same output
dimension p: Consider the space of stable input-output trajectories with trivial initial
value, that is,

B, = {(ui,yi) S £Q(R207Rm+p) | du; € Hl(Rzo,Rni)
such that &; = A;x; + Bu;, y; = Cixy + Diw b,

where £2(R>g, R¥) stands for Lebesgue space of square integrable R¥-valued equiva-
lence classes of functions defined on Rx¢, and H*(Rxq, R¥) is the space of elements of
L?(Rs0,R*) which possess a weak derivative in £2(Rxq, R¥). It is proven in [4] that
for any (u1,y1) € B1, there exists some (us,y2) € B such that

lur = ual3 + [ly1 = yoll3 < 04(Ga(s), G2())* - (fual3 + [l 113),

where G;(s) € R(s)P*™ is the transfer function of [A;, B;,C;, D;], and || - ||2 stands for
the norm in the Lebesgue space £2(Rx>q,RF).
Positive real balanced truncation has the following gap metric error bound.

THEOREM 2.5 (see [19, Cor. 2.2]). Let [A, B,C, D] be a realization of the positive
real function G(s) € R(s)™*™. Denote the positive real characteristic values by
(o), and, forr < h, let [./Z, g, C~, D] be obtained by a positive real balanced truncation
of [A, B,C, D] by removing the blocks corresponding to 41, ...,0n. Then the transfer
function G(s) of [A,B,C, D] fulfills

Note that [19] considers positive real balanced truncation in which the states
corresponding to the smallest characteristic values are removed. A careful inspection
of the proof of the error bound (and those of the results used therein) yields that
the above error bound still holds when states corresponding to arbitrary positive real
characteristic values are removed. In our method for second order systems we will
make use of this fact.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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3. Positive real balanced truncation for second order systems. We intro-
duce positive real balanced truncation for systems having a symmetric second order
structure. Now we consider linear time-invariant first order systems [A, B, (] with
A € R?%2% and B € R?"*™ gtructured as in (1.3), that is,

(3.1) A= {_OG f;} € Glon(R), B= Lg] _¢T

for some D € R™*" with D = DT > 0 and B € R™™. The transfer function is given
by
G(s) = C(shoy — A)'B = sBT (L + sD + K) ' B € R(s)™™,

where K = GGT. We summarize these structural assumption on the system class as
follows.

DEFINITION 3.1. We say that a system [A, B,C] is an element of 2, and write
[A, B,C| € Z,,.m if the following is satisfied:
(a) The matrices A € R*"*2" qnd B € R?"*™ are structured as in (3.1) for some
G € GL,(R), DeR™" BeR"™™ andC =BT".
(b) The matriz B has full column rank and D = DT,
(c) [A,B,C] is stabilizable and passive.

We first notice the following.

Remark 3.2 (second order systems, passivity, and zeros).
(a) The assumption that rank B = rank B = m is no restriction, since otherwise,
there exists an orthogonal matrix T € R™*™ such that BT = [Bl O}, where,

for By € R?™** rank By = k. Hence T G(s)T = [Glo(s) 8] for some invertible

Gi(s) € R(s)k**. In this case one can approximate G1(s) instead and afterward
add the zero rows and columns to the reduced transfer function.

(b) If D >0, it can be seen that #|4 g 57 0)(l2n) < 0 and hence G(s) is positive real
by the positive real lemma (see Theorem 2.1). Then [32, Thm. 15] guarantees the
existence of respective minimal solutions Py, Qmin > 0 of W[A,B7BT70](P) <0
and #4757 0/(Q) < 0if (A, B) and (AT,CT) are stabilizable. By using the
symmetry structure of the system (3.1), i.e., AT = .7, 4., and B" = C.¥,, for
, = diag(—1I,,I,), the latter two properties are, however, equivalent due to
(AT,CT) = (S0 AL, S, B). Since, further, A does not have any eigenvalues in
C*, the absence of uncontrollable purely imaginary eigenvalues is sufficient for
the existence of minimal solutions Py, Qmin > 0.

(¢) The assumption that rank B = m furthermore implies that the transfer function
of [A, B, C] with matrices in (3.1) is invertible. Further note that positive realness
of G(s) together with A having no eigenvalues in C* implies that the system
[A, B,C] has no zeros in C*.

For systems [A,B,C] € 2, ,, we begin with our reduction method pointing out
the following observation. The symmetry structure further implies that P > 0 solves
WiaB,c0(P) < 0ifand only if Q := 7, P.%, solves #{ 47 ¢7 57 ,0/(Q) < 0. In particu-
lar, Qmin = FnPumin-, and thus, for LT L = Py, we obtain that %, LT L.¥, = Qmin.
Altogether, instead of the singular value decomposition (2.4) we can compute the
eigendecomposition

(3.2) LALT = [U- U], [20— EO+] - u+)',

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where U € R"*" is orthogonal and

53) Z_—dlag(allf...,ai; n;), 0<o,_ < <oy <1,
3.3
Z"':d1ag(ah+In:+,...,afrIn1+), OSU;+ <--.<of <1
Next we choose some positive real characteristic values of positive and negative type
which correspond to truncated states. To this end, let 7¥,7~ € N be such that for
+
some gt, ¢~ € N, r* = ;1 1 j . Additionally, these numbers have to be chosen such

that the states corresponding to zero characteristic values are truncated, and the set
of characteristic values corresponding to the truncated states does not intersect with
the set of characteristic values corresponding to the preserved states. This means that

5.4 1 <qt <hnt, a;';>o
3.4
o _H_;écrﬁ and a;'++J+7éo Vit =1,...,q¢% jT=1,...,hF —¢*.

Note that the above condition is only of a pathological nature and does not impose
any serious restriction from a numerical point of view, since generically, it holds that
the characteristic values in (0,1) are simple.

The general purpose is that the reduced system can be transformed into a sec-
ond order system. To this end we require that the reduced system has a symmetry
structure with respect to a matrix .#,. Hence it is essential that we find 7+ which
additionally fulfill r— = r™ =: 7. We partition (3.2) as

-¥7 0 0 u;)’
(3.5) LI LT =[U7 U, Uf]| 0 S 0 [(U2)7 ],
0 0 sH o’

where US € R2"%7| U, € R2"2(n=7) 53, ¢ R2(=7)x2(n=7) and ¥F € R™". We set
¥ :=diag(27,%]) and Uy := [U;  U;']. Using the reduction matrices

(3.6) WT =S 20U L and V=70 US?,
we construct the reduced first order model
(3.7) [A,B,C]:= [WTAV,W'B,CV].

Next, we state some important properties of the above reduced order model.

THEOREM 3.3. Let a system [A,B,C] € £, be given with D = DT >0. Con-

sider the reduced system [A, B,C] as constructed as in (3.5)~(3.7) for some rt,r~ € N

which fulfills (3.2)—(3.4), in particular r™ = r= =: r. Then the following statements

are satisfied: o

(a) We have #| 3 5¢.0/(31) <0 and W] v g7 gr o)(31) < 0. In particular, [A, B,C] is
passive. _ _ _ L

(b) We have £ AS = AT and B=.7.B=C".

(¢) The gap metric between the transfer functions G(s) and G(s) of [A,B,C] and
[A, B,C] can be estimated by

h~ ht
33(G(s),G(s)) <2 > o7 +2 Y of.

i=q—+1 i=qt+1
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(d) Ifo, ., =0= 0';++1, i.e., Ly from (3.5) is zero, then [A,B,C] is a minimal

positive real balanced realization of G(s).

Proof. The first two statements can be inferred from the arguments in the proof
of [34, Thm. 8], whereas the third part follows from Theorem 2.5 and the last statement
from Lemma 2.3. |

The exact block structure of the reduced system, as introduced in (1.4), will be
part of section 5. First we need some results from the study of indefinite linear algebra.

4. Preliminaries from indefinite linear algebra. Next, we introduce some
notions and results from indefinite linear algebra.

DEFINITION 4.1. Two pairs (S;,A;) € R™™™ x R™*", j = 1,2, consisting of
a symmetric matriz S; € Gl,(R) and an Sj-self-adjoint matriz A;, i.e., A;'—S’j = S;A;,
are called congruent-similar if there exists a T € Gl,(R) such that T~ AT = A and
TTS,T =5,.

In [17], a canonical form under congruence-similarity is given. For the sake of
simplicity we will focus on diagonalizable matrices.

THEOREM 4.2 (see [17, sect. 1.5, Thm. 5.3]). Let (S, A) € R"*™ x R"*™  where
S € Gl,(R) is symmetric, and A is S-self-adjoint and diagonalizable over C. Then
there exists some T € Gl,(R) such that for some k,c € N with 2c + k = n and
€1,y €E{E1}, M, ., e ER 01, ,0. ER, Ty, e >0, and

0 1 . i i
= , Je=diag(_f1,..., 1), Por= |70 T
1 0 N——— Ti T
c times
we obtain
TTST =diag(ey,. .. e 7o),
(4.1) e, ek Fe)

T PAT =diag(Ai, ., Moy Py iy oo oy Poore)-

It has been further shown in [17, sect. 1.5, Thm. 5.3] that the above is a canonical
form for the pair (S, A) under congruence-similarity if the tuples (g1, A1), ..., (€, k)
and (01,71),..., (0 Tc) are ordered increasingly with respect to the lexicographical
order. It can be seen that the eigenvalues of A in Theorem 4.2 are given by A1, ..., A
and oy +1ir,...,0. & i7.. Based on this normal form we derive a special form for
S-self-adjoint and diagonalizable matrices whose eigenvalues are in the closed complex
left half plane.

COROLLARY 4.3. Let (S, A) € R™™™ x R"*™ be as in Theorem 4.2. If all eigen-
values of A have negative real part, then there exist T € Gl,(R) and ¢, k,k1,ke € N
with k1 + ko = k and 2c + k = n such that

0 0 V
(4.2) T'AT=| 0 A 0|, T'ST=diag(—Ioin,,lryic),
-V 0 €&

where £,V € R*¢ and A € RF*F are negative definite and diagonal.

Proof. Without loss of generality (w.l.o.g.) we can assume that (S, A) is in the
canonical form of Theorem 4.2. The assumption on the spectrum of A implies that
0; <0fori=1,...,c Since further, 7, > 0 for all i = 1,..., ¢, the matrix
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1 \/*J,Hr\/af%»rf 71/7J,;+\/c7i2+7'i2
—1 —1
27’2‘ \/771-(72 *Ui+«/0i2+’l'i2> \/ﬁ<72 70‘14’\/0‘?4’7‘3)

is real and straightforward computations show that

(43) @i =

T o -1 L T 10y
of 716, =% and 0;'P, .0, =.50] AP, .0, = {—w n}

7301.2+4U“/01.2+Ti2 . . . .
where n; = T e < 0. Setting T := diag(lx,©01,...,0.) and suitably
interchanging the rows and columns of the tuple (T'" ST, T~'AT) leads to the form
(4.2). |

The form (4.2) plays a key role later in section 6. By starting from a realization
where some blocks containing the system zeros have this form, under certain condi-
tions we are able to bring the reduced system into the form (1.3) and thereby retrieve
the second order structure.

DEFINITION 4.4. Let (S, A) € R™"™*™ x R™*™ be as in Theorem 4.2. Regarding
the canonical form in Theorem 4.2, we call the tuple ((€1, A1), ..., (€k, Ak)) the sign
characteristics of (S, A). Further we call an eigenvalue A of A an eigenvalue of (S, A),
and we say that a real eigenvalue A of (S, A) is of positive (negative) type if (1, \)
((—=1, X)) is contained in the sign characteristics of (S, A).

We will often indicate that an eigenvalue is of positive (negative) type by equip-
ping it with a superscript “*”(“~”). Note that A can be of both negative and positive
type. The next result follows rather directly from the definition of the sign character-
istics.

PROPOSITION 4.5. Let (S, A) € R™*™xR"*™ pe as in Theorem 4.2. An eigenvalue
A€ R of (S,A) is of positive (negative) type if and only if there exists an eigenvector
v € R™\{0} of A corresponding to the eigenvalue \ of A such that v’ Sv >0 (v'Sv <
0).

Proof. This is obviously true if (S, A) is in the canonical form (4.1). The general
statement then follows by a transformation of (S, A) into this canonical form. 0

We are now able to define the pole and zero sign characteristics of a system
[A, B,C]. Recall that the zeros of a system [A, B, (] are the eigenvalues of the pencil
[l TA BT If the transfer function is square and invertible, we call a zero p of
[A, B,C] semisimple if it is a semisimple eigenvalue of the latter pencil. That is, the
order of the zero p of det [ _Slg"’A lg} equals the dimension of the kernel of the complex

matrix [ _“Ig +A lg ] .

DEFINITION 4.6. Let a system [A,B,C| with invertible transfer function G(s) €
R™*™ be given such that, for a signature matriz S € Gl,(R), it holds that SAS = AT
and B = SB = CT. We say that such a system is internally symmetric (w.r.t. S).
We call the sign characteristics of (S,.A) the pole sign characteristics of [A, B,C].
Further suppose that the zeros of [A, B,C] are semisimple and denote the real zeros of
[A,B,C] by piay .. pu. Fori=1,...k, let '] € ker[f”iIC’ﬁA lg]. Then we call

((—sign(vISvl), [1) s (—sign(v,:Svk), 1))

the zero sign characteristics of [A, B,C]. We say that an eigenvalue X € R of A is a
pole of positive (negative) type of [A,B,C] if (1, \) ((—1, X)) is contained in the pole
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sign characteristics of [A, B,C]. Similarly, we say that a zero p € R of [A,B,C] is a
zero of positive (negative) type of [A,B,C] if (1, ) ((—1,n)) is contained in the zero
sign characteristics of [A, B,C].

Straightforward calculations show that the system [A, B, C] with the properties as
in Definition 4.6 has a symmetric transfer function. On the other hand, note that the
notions of pole and zero sign characteristics are defined for symmetric and invertible
transfer functions in [17, sect. I1.3.2] by means of pole and zero sign characteristics of
a minimal realization. It is further shown that these are well-defined in the sense that
they do not depend on the minimal realization of a given symmetric and invertible
transfer function. The basis for this is that, by the results in [17, sect 11.3.2], for any
realization [A, B,C] of a symmetric and invertible transfer function G(s) € R(s)™*™,
there exists a unique nonsingular Hermitian matrix S with

(4.4) SA=A'S, SB=C", C=B'S.

Further, for two minimal realizations [A;, B;,C;], i = 1,2, of G(s), with Hermitian
matrices Sy and Sy from (4.4), the unique state space transformation 7' € Gl,(R)
between the two realizations fulfills

(4.5) T-'=8'TT"S,.

5. Positive real balanced realizations of second order systems. The aim
in this part is to prove the block structure of the reduced system from section 3,
introduced in (1.4). For this purpose, we apply three successive transformations to
this system. First, we derive a different first order representation of our second order
system. Then we develop an input-output normal form from which one can read off
the different types of system zeros, namely the real and complex ones and those on the
imaginary axis. We use this form to arrive at a positive real balanced realization of
the original system and deduce that the reduced model has a balanced realization of
the same block structure. Later in section 6, in order to find a second order realization
of the reduced system, we actually proceed conversely.

As a first step toward a positive real balanced system we consider a system of the
form (3.1) with a special structure which displays the zeros on the imaginary axis.

LEMMA 5.1. Let a system [A,B,C| € 2, be given. Then the transfer function
G(s) of [A,B,C] is invertible. Moreover, there exists a state space transformation
T = diag(Ty,Ts) € Glo,(R) with orthogonal Ty, Ty € Gl,(R) such that [As, Bs,Cs] =
[T~YAT, T~'B,CT] has the form

0 0 0 0 0 G 0
0 0 0 0 GL G 0
| o 0 0o G, 0 Gl ol
(61 A= 0 -G -Dy 0 Dyl B=]o|=%:
0 —Glag 0 0 0 0 0
—Gs1 —Gs —Gs3 —Dfy 0  —Ds Bs

where, for some £ € N, the blocks in the above form are of sizesm, £, n—m—~{, n—m—¢,
¢, and m. Further, Gs1, By € R"™*™ Goy € R and G5 € R(r—m=Ox(n=—m=0) gpe
invertible. The matriz [78
If, further, D > 0, then those eigenvalues all have negative real part.

Moreover, the set of zeros of [A, B,C] is given by the union of {0} and the spectra

of [_213 _Ggfl] and [_822 G(%r?]. If further, [A,B,C] is minimal, then all zero sign

T ) ) ) .
%3 | does not have eigenvalues on the imaginary axis.
— 411
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characteristics of [A, B,C] at zero are of positive type, whereas the sign characteristics
of the remaining real zeros coincide with the sign characteristics of

(o ol e )
0 “In—m—¢ ’ _GIS _Dll '

Proof. Step 1. We prove the existence of a block diagonal state space transfor-
mation T € Gla, (R) such that [Ag, Bs,Cs] = [T~ AT, T~1B,CT] has the form (5.1)
such that Bz, G13, Ga22, and G31 are invertible, and Dy1v # 0 for each eigenvector
(NS Rr—m—L \ {0} of Gq3.

Since B has full column rank, we have a QR-decomposition B = Tp; | 5, | with
invertible Bz. Further, by QR-decomposition of G'TT5; and permutation of rows, we
see that there exists some orthogonal 771 € R™*™ with

Om X (n—m) (Egl

G'Ty =T
Gl,  Gi

Now applying the state space transformation 7} = diag(Ty1,T21) to [A, B, C] we obtain
a system of the form

0 0 0 Gl 0

T oA 0 0o G, Gi. ~ ~T_ |0
T AT, = o 12 22 | T'B=(CT)) =

Lo 0 —G12 —D1nn —Dia ! (1) 0

—Ga1 =Gy —Dfy, —Dap B

Our next step is to apply a further state space transformation which separates the

u
purely imaginary eigenvalues of | g %2 ]. To this end, we perform a singular value
—w12 — M1l

decomposition 512 = T12@12T2T2 with orthogonal matrices T2, Too € R(n=m)x(n—m)
and a diagonal matrix @12 € R(r—m)x(n—m) Further, for each eigenspace of @12,
we perform an orthogonal decomposition into the intersection of this eigenspace with
ker T, D11T», and its orthogonal complement in this eigenspace. An accordant or-
thogonal transformation along with a permutation matrix leads to the existence of
some orthogonal matrices Ths, T13 € R(r=m)x(n=m) that lead to the following trans-

formed matrices. First, for some ¢ € N, Gos € R*!, G153 € R(n—m=)x(n—m—£) o

have
0 Gis
G22 0 ’

Moreover, for some Dy; € R(r=m=Ox(n—m=8) "1 o ¢ Rn=m=O)xm [ c Rmxm it
holds that

Tngélles = [

D 0 D
|:T2—ET2—£ 0 :| TQ—EDTgl |:T22T23 0 :| _ 011 0 013
0o I, 0 )T |pr o pu

Last, for each eigenvector v € R*™™~¢\ {0} of the diagonal matrix G;3 we have
Div # 0 and for some G3; € R™X™ G3y € RMX(=m=0)  GQa, ¢ RMX(n—m—0) jt
holds that

0 0 Gis
} =10 Gy O

Gs1 Gza Gag

LTS 01 ..r In 0
[ 0 L, InGTu 0 Ti2T13
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In particular, G135, G2z, and G3; are invertible since G is invertible. Altogether,
for the orthogonal matrices T7 = TM[I{]” T120T13], T = Tgl[T22OT23 I?n]’ a state space
transformation with T = diag(T},T2) € Gla,(R) results in a system [As, Bs,Cs] =

[T~Y AT, T~1B,CT] which is of the form (5.1).

Step 2. We prove that for the construction in Step 1, [ 813 _Ggfl] does not have

eigenvalues on the imaginary axis and, provided that D > 0, those eigenvalues all
have negative real part.

The fact that all eigenvalues of | 213 7GDle
follows from the fact that the sum of this matrix and its Hermitian is negative semi-
definite. To show that in any case it does not have any eigenvalues on the imaginary
axis, assume that w € R, v, vy € C*™¢ are given such that

62 oSBTy = ().

A multiplication of (5.2) from the right with ()" and taking the real part yields
v3 D11v2 = 0, whence, by D13 > 0, D1jv2 = 0. Hence

0 GI& v\ . (%} o
(53) |:—G13 0 :| (1)2 = 1w vy A\ D11U2 =0.

On the other hand, the first relation in (5.3) yields G13G{3v2 = —w?vy, whence, by

the fact that Gi3 is diagonal, vs is zero or an eigenvector of G13. Then we obtain

vo = 0 by the results of Step 1, and the invertibility of G113 further gives rise to v; = 0.
Step 3. We show that the transfer function G(s) is invertible, and the set of zeros

of [A, B,C] is given by the union of {0} and the spectra of [_231 _GDlel] and [_322 ng, ]
This follows by the fact that

_ _aT T
det [ slon + A B} =c-s" - det [SI"_"L_E Gis } - det [Sle G22]

1] have nonpositive real part if D > 0

C 0 Gi3 slp—m—¢+ D11 Gay sy

for some ¢ € R\ {0}.
Step 4. We prove the statement about the sign characteristics.
0 7GDlTS ] corresponding
to the eigenvalue A € C if and only if there exists some v7 € (C%’% such that

This follows since [ 32 ] € C2("~™=%) is an eigenvector of

0
0
v3 _)\IQn + As Bs
1:%4 € ker C, 0

vy

The statement for the sign characteristics of the zeros at zero is completely analogous.O

Starting from the second order system structured as in the above lemma, we can
determine a normal form which displays the different types of zeros. In particular,
we find that solutions of the KYP inequalities from the positive real lemma are block
diagonal matrices structured according to the zero blocks. This helps us to derive
a positive real balanced system of the form (1.4). Moreover, in section 6, we take this
normal form as a basis to bring the reduced system back to second order form and to
check a necessary condition whether this is actually possible. Before we present the
normal form we need a small lemma.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/10/22 to 213.55.220.36 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1616 INES DORSCHKY, TIMO REIS, AND MATTHIAS VOIGT

LEMMA 5.2. Let Y € R™" be skew-symmetric and Z € R™"*™ be symmetric and
positive semidefinite. Then ZY +Y " Z <0 if and only if ZY +Y " Z = 0.

Proof. Since by using Z = Z" and Y = —Y T, an evaluation of the diagonal
entries of ZY +Y T Z yields that these vanish, ZY +Y T Z < 0 implies that ZY +Y T Z =
0. a0

THEOREM 5.3. Let a system [A,B,C] € E,,., be given with D > 0. Suppose that
the zeros of the system are semisimple. Then there exists a state space transformation
T € Gly,(R) such that the system [An, Bn,Cn] := [T"YAT,T=1B,CT] has the block
form

(5.4)
0 0 0 0 0 0 0  As (0]
0 0 0 0 0 0 Ay Asg 0
0 0 0 0 0 A 0 Ass 0
0 0 0 Ay 0 0 0 A T 0
Av=1 0 0 0 Ass O 0 Asgl|’ Co =Bu=||"
0 0 —AJs 0 0 Ass 0 Ags 0
0 ~AJ, 0 0 0 0 0 0 0
_*A1T8 *A2Ts *A3T8 *AIS Ags Ags 0 A88_ _68_

where the following hold:

(a) Alg,Bg S GL”(R), Aor € Gle(R), Asg € GIC(R), and Agg < 0;

(b) Au = diag(ui, ..., uy) and Ass = diag(py, ..., py), with py < -+ <y < 0.
Those are the negative (real and nonzero) zeros of [ A, B,C|. If [A, B,C] is minimal,
then, fori=1,...,k, pu is of positive type, while u; is of negative type.

(¢) n=Fk+c+l+m and 20 + m is the number of zeros of [A,B,C] on iR counted
with multiplicities, while 2¢ is the number of nonreal zeros with negative real part.

(d) All solutions P > 0, @ > 0 of the KYP inequalities W|a, 5, .c..0)(P) < 0 and
Vﬂ[AIvCYTvBIvO](Q) < 0 have the block form P = diag(Ite, Po,Imye) and Q =
diag(Lnte, Q2, Ime) for some Ps, Qo € RATR)x2(eth),

Proof. Step 1. We show that there exists a state space transformation T € Gly, (R)
such that 7.7, T = .7, and [Ay, By, Cy) := [T"YAT, T~'B,CT] has the form (5.4).
Moreover, we show that this realization fulfills (a)—(c) in the above theorem.

W.l.o.g. we assume that the system is already in the form [A, B, C]=[As, Bs, Cs] as
S Ggs |eR2(n=m—0)x2(n—m—0)
—wi13 —H11

have negative real part. Since the nonreal eigenvalues occur in pairs and .Zs €
R2(n—m—0)x2(n—m—0) " there exists some ¢ € N such that 2c¢ is the number of
nonreal eigenvalues (counted with multiplicities). Hence, the number of real eigen-
values of A, (again counted with multiplicities) is 2k for k = n — ¢ — £ — m. Now,
according to Corollary 4.3, k real eigenvalues uf <0 <L /‘Z < 0 of (yn,m,.;l\s) are
of positive type, whereas the remaining k real eigenvalues p; < --- < p. < 0 are

in Lemma 5.1. In particular, all eigenvalues of .%Als::[

of negative type. This corollary further implies that there exists some T' € Gla(y—m)
with 7. T = S and

0 0 0 Ass
S A 0
TTAT =\ 0 Ass 0 |°
*A;)% 0 0 A66
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where, for some 7; < 0, v;, € R\{0} fori =1, ..., ¢, we have

»’444 = dlag(”i_v s 7/1“2_) € le‘(R)’ A55 = dlag(p’l_a s nu];) € le(R)a
Ags = diag(m, . ,Uc) S GIC(R), Asg :diag(yl, R Z/C) S G]k(R).

Then T := diag(Inys, T, Iymie) fulfills T7.%,T = .%,, and an application of this
state space transformation leads to a realization [Aj, By, Cy] of the desired form. Fur-
ther, since Ajg = Gq;, Aar = Gg,, and Bs = B, those matrices are invertible by
Lemma 5.1. Note that the statement that the upper left seven blocks of A, corre-
spond to the system zeros is also due to the latter lemma. In the remaining steps of
the proof we show statement (d).

Step 2. Suppose that P > 0 solves #[4, 5,.c,0/(FP) < 0 and partition P =
(Pij)i,j=1,...,s according to the block structure of A,. We show that Pj1 = Psg = I,
and P;; =0, Pjg=0fori=2,...,8and j=1,...,7.

Suppose P > 0 solves the KYP inequality. Then the lower right block in the
inequality #{a, 5,,c.,0(P) < 0 is zero. Thus the corresponding off-diagonal blocks
have to be zero as well, which leads to PB, —C, = 0. This together with Bs € Gl,,(R)
implies that Pjgs =0 for j =1,...,7 and FPgg = I,,. As a consequence the upper left
block of size m x m of the left-hand side of A P + PA, < 0 is zero, hence all the
corresponding off-diagonal blocks of A P+ P A, have to be zero as well. Equivalently,
—Apr P, =0, —Ass Py = 0, APy, = 0, AssP5 = 0, AJ P + Age Py = 0, and
AJ. P, = 0. Since A7, Asg, Aua, Ass, and Agg are invertible, P;; = 0 fori =2,...,8.

Step 3. We show that Py; =0 and P7; =0 for ¢ = 3,...,6. We have that

0 —A27] [Pzz P27] {Pzz P27} [ 0 -/427]
5.5 + <0,
(5:5) [A2T7 0 Py Pr PL Pl |-A), 0 |~
=:Z =Y

where, due to Lemma 5.2, equality holds. We set

0 0 0 A Py - Psg PQ—_%, Ps7

g 0 Aug 0 0 5 . . 5 . | Pas Par
A=10 0 An o |0 DT - =Rl By
_-A?TG 0 0 Ase Pyg -+ Peg Pz—g Ps?

By considering the principal submatrix of A P+ P.A, obtained by removing the first
and last m rows, we obtain

0> A 0 if’1 152 151 ]52 AT 0 _ ./iTlerplfi ./UBQJrJBQYT
=0 Y||PS Z Pl Z|[0 YT Y P, + P, AT 0

with Z,Y as in (5.5). Thus, we obtain the Sylvester equation Y P, + Py AT = 0 for
P,. The spectrum of Y is contained on the imaginary axis, and all eigenvalues of AT
have negative real part. Since Y and —AT have no common eigenvalues, we obtain
from [22, Thm. 2.4.4.1] that P, = 0.

Step 4. We show that ([A(lT7 7’327 ],[4z#]) is controllable. Assume that A € C and

vy, v7 € C? such that

o5 vt] My Ayr —As

vy U7 —,A;} A, 0 =0.
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Since | Ao; _“327] is skew-symmetric, it follows that A = iw for some w € R. By setting
v:=[0v;0000w;0]* € C?" with block structure according to that of A,, we now
obtain that v* [iwlgn - A, Bn] = 0. Since [A4, B,(] is assumed to be stabilizable,
[An, Bn, Cy] is stabilizable as well. This leads to v = 0, whence vy = v7 = 0.

Step 5. Let P >0, Q > 0 be solutions of the KYP inequalities #{4, 5, ¢, ,0(P) <
0 and #{471 cr 87,0(Q) < 0. We show that P = diag(ly+e, 2, Imte) and Q =
diag(I e, Q2, Iy ) for some Py, Qq € R2(cHk)x2(ctk),

Since the solution P > 0 fulfills #| 4, 5, c,.0)(P) < 0, ifand only if Q = &, P.,, >
0 fulfills #4771 587,0/(Q) <0, it suffices to prove the statement only for P > 0 with
Wia, B, .co0)(P) < 0. We partition P = (P;;); j=1,....s according to the block structure
of A,. Thus we use our findings in Step 2 and Step 3 to see that Py = Pgg = I,
and Pli :O7 Pjg :Ofori:Q,...,S andj: 1,...,77 and sz' = 0 and P7i = 0 for
i=3,...,6. Now a straightforward calculation yields that

(5.6)

0 —Ayr —Agg| |Po2 Py O Py Py 0 0 Ay Ass

A, 0 0 PL Pn O|+|P, Pr 0| |-A, 0 0]<o
Ale 0 Asgs 0 0 I, 0 0 In||-A)k 0 Ass

An evaluation of the upper right two block gives

{0 —A27} {P22 qu " {P22 P27} { 0 -/427} <0
Al. 0 P P Pl Pl |-AJ, 0 | =

whence, by Lemma 5.2, the latter inequality becomes an equality. Invoking this, an
evaluation of the blocks ”31” and ”32” leads to

P P.
Ak o R = o).

This altogether yields

0 Ay 1, |2 Do\ _ (|2 Py 0 Ay
~AJ; 0 *\Py Prl)  \P' Py Pr) |-AL 0]
T Py Por| _
[A3s 0] <Ize - [P; P77}> = 0.

. Pso Poy . 0 Agrq . . . . .
Hence, im(loy — | [ p.]) s an [ _ A% o |-invariant subspace and is contained in

ker [Ajg 0]. However, by Step 4, ([A(i; _“327], [#2¢]) is controllable, thus

. Py Poy
Iy — =10
1im ( 24 PQT7 P77:|) { }
and P22 = P77 = I[ and P27 =0. O

With the previous theorem at hand and the normal form therein we can now
exploit the structure of the original system and the solutions of the KYP inequalities
to find a positive real balanced realization of the original system of the form (1.4).

THEOREM 5.4. Let a system [A,B,C] € Z,, ,, be given with D > 0 and trans-
fer function G(s). Suppose that the system has semisimple zeros. Then G(s) has
a positive real balanced realization [ Ay, By, Cp] of the block form
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- ~ -

0 0 0 0 0 A 0
0 0 0 0 Aos  Agg 0
0 0 Ass  Ass 0 Asg 0 T
5.7) A= A 6| B, = —cl,
(5.7) b 0 0 —@4 Ay 0 Age b 0 b
0 -AL 0 0 0 0 0
Ay —Afy —Af AL 0 Ag Bs

where A\lﬁ,gﬁ € Glm(R), .;(66 € Rmxm, A\gg € RP1xP1, .244 € RP2xP2 ./125 e R gnd
n = 2m~+p1+pa+2L is the order of the minimal system. Further, the minimal solutions
of the KYP inequalities Wja, s, .c,.0(P) < 0 and %AJ,CJ,BJ,O](Q) < 0 are given
by P = Q = diag(Lnie, 11, Inig) for some diagonal matriz II € R@P1H+p2)x(prtpa)
Moreover, the system

uzl\33 uzl\34 “21\36 ~ — R
5.8 ~ ~ 2 — — =:[A,,B,,C,, D,
Y H_“@L «444] ’ [A%] ’ [“456 A46] » —Ass [A ]

is asymptotically stable and positive real balanced, where 11 is the minimal solution of

WiA,B,.c,0,)(P) <0 and W47 cr g7 pr)(Q) < 0 and the spectrum of A, coincides
with the set of zeros of [Ap, By, Cp] with negative real part.

Proof. Theorem 5.3 provides that G(s) has a realization [Ay, By, Cy] of the block
form (5.4), where Ppin and Qmin have the block structure Py, = diag(Im+e, P2y Totm)
and Quin = diag(Inie, Q2, Ip1m) for some matrices Po, Q2 < 0. To derive a bal-
anced and therefore minimal system we use the reduction of section 3, but solely
truncate those states corresponding to zero diagonal elements of ¥ in (3.2). In de-
tail, let [Ap, By, Cb] be the reduced system of [Ay, By, Cy] constructed as in (3.7)
for the choice v~ = n — dimker¥~ and r* = n — dimker ©*. Here, the matri-
ces WT and V from (3.7) have the same block structure as Pi,, namely W' =
diag(Imie, Wy , I;mie) and V. = diag(Lnye, Vo, Imie) for some matrices Wo, Vo €
R(P1+p2)x(P1+P2) - Inspecting the proof of Theorem 3.3, its statements are also valid
for the reduced system [Ay, By, Cp]. Thus, by Theorem 3.3(b) and (d) it follows that
[Ay, By, Cp] is a minimal, positive real balanced realization of G(s) and

diag(—1I,—, I+ )Ap diag(—I,—, I.+) = A/ .

Altogether, the realization [Ap, Bp,Cp] has the block form (5.7). Moreover, Theo-
rem 5.3 and the block form of the reduction matrices V' and W provide that all
solutions of the KYP inequalities #{, 5,.¢c,,0() < 0 and #[41 c7 g7 g(Q) < 0 have
the block form P = diag(lnte, Pa, Im+e) and Q = diag(lte, Q2, Lnte) for some
Py, Q, € RP1+P2)x(P1+P2) - This in particular holds for the minimal solutions of the
two KYP inequalities, which we therefore write as diag(ly1¢, I1, I y¢) for some suit-
able diagonal matrix IT € R®P1+p2)x(p1+p2) R
Straightforward calculations show that the matrix IT solves #[4, 5, ¢, p,](P) <0

and W[A;F’CZT’B;"D;F](Q\) < 0. Now, the minimality of II follows directly from the
minimality of diag(Z,ye, I1, Ite).
Recall that the zeros of [Ay, By, Cy] with negative real part are given by the union

of the eigenvalues of Ay, As5 and [72376 ﬁzg] from (5.4). As positive real balanced

realizations are minimal, the uncontrollable and unobservable modes of [Ay, By, Cy]
are removed by the above construction of [Ayp, By, Cp], while the remaining ones are
preserved. The latter are, however, the eigenvalues of A,, which leads to the fact that
the spectrum of A, is contained in the open left complex half plane. 0
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The following remark is devoted to positive real balanced truncation of systems
[A,B,C] € E,, with D > 0 by using the approach as in (3.2)—(3.7).

Remark 5.5. Let a system [A, B,C] € E,,,, be given with D > 0. Suppose that
the system has semisimple zeros. We apply positive real balanced truncation by using
the approach as in (3.2)—(3.7). In particular, we assume that there exist r™,r~ € N
that fulfill (3.2)-(3.4) and r* = r= =: r such that the positive real characteristic

values o .. ,afi are all strictly below one. Note that Theorem 5.3 implies that

410
r >0+ rqn, where 2/ is the number of nonzero and purely imaginary zeros of [A, B, (]
(counted with multiplicities).

A positive real reduced order system can be constructed directly from the realiza-
tion [Ay, Bp, Cp] in Theorem 5.4 by truncating certain rows and columns which belong
to the third and fourth block rows of the matrices with block structure as in (5.7).

More precisely, the reduced order model has a realization of the form
T T . L« 0
(5.9) [T AT, T By, C,T] for T = diag ol 17 .

However, a direct application of Theorem 3.3 does not necessarily result in the sys-
tem [A,B,C] = [TTA,T,T"By,C,T], but rather in a system which is similar to
[TTALT, T By, CyT) under a state space transformation which preserves the property
of the signature structure together with diag(3;,¥]) being a solution of the KYP
inequalities for [./Z, g, CN} and [.ZT, CNT, gT] Such transformations are of block-diagonal
and orthogonal type, where the sizes of the orthogonal block correspond to the mul-
tiplicities of the respective positive real characteristic values. As a consequence, the
reduced system can be represented by

[A,B,Cl=[T" AT, T By,CpT],

~ + +
where for some orthogonal matrices Uji €R™ X" for j=1,...,h*

iﬁ:diag(ﬁ;,...ﬁ;,ﬁ;+,...,ﬁj)-diag<[ﬂ , [ED

6. Construction of second order realizations. Now, we treat the second
order realization problem. In particular, we prove a necessary condition on the zero
sign characteristics of the reduced system for having a representation as a second
order realization. An important tool is the so-called standard triples [16, 17, 18, 25]
for quadratic, i.e., degree two, matrix polynomials.

DEFINITION 6.1. A standard triple is defined as a triple (X,Z,Y) € R™>?n x
R2nX2n 5 R27XN sych that

[;Z} € Glyn(R)  and [)?(Z] Y = {Mol}

for some nonsingular matriz M € R™*",
Let L(s) = M +sD+ K for some M € Gl,(R) and D, K € R"™". Then L(s) is
said to be generated by a standard triple (X, Z,Y) if M = (XZY)~! and the equation

(6.1) MXZ?+DXZ+KX =0

is fulfilled.
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For a quadratic matrix polynomial L(s) = s2M + sD + K, the tuple (X, Z) from
a standard triple encodes its right spectral data. This can best be seen assuming that
Z is diagonalizable over C and in Jordan canonical form. Then, the equality (6.1)
implies that the ith diagonal entry A; € C of Z together with the ith column z; € C"
of X solves the quadratic eigenvalue problem (\?M + \;D + K)z; = 0. Moreover,
The tuple (X, Z) from a standard triple together with a mass matrix M completely
determines a quadratic matrix polynomial with nonsingular leading term, as the next
result shows.

THEOREM 6.2 (see [23, Thm. 1]). A standard triple (X, Z,Y) € R™X21 xR2nX2n
R2"X7 generates a uniquely defined quadratic matriz polynomial.

Actually, in [23] standard triples are considered, where Z is in Jordan canonical
form, but this additional property is not made use of in the proof of the theorem
above. Even though a quadratic matrix polynomial is uniquely defined by a standard
triple, the reverse is not true in general. This can be seen as there is a one-to-one
correspondence between standard triples of some quadratic matrix polynomial L(s)
and realizations of L(s).

THEOREM 6.3 (see [24, Thm. 14.2]). Let L(s) = s?M + sD + K for some M €
Gl,(R) and D, K € R™". Then, (X,Z,Y) € R x R2nX20 x R20X" s g standard
triple of L(s) if and only if L=Y(s) = X (slap—Z) Y. Moreover, [Z,Y, X] is minimal
as a realization of L=Y(s). In particular, if K~! exists, then K1 = —XZ~'Y.

It can be further inferred from Theorem 6.2 that the coefficients of L(s) are given
by the so-called moments I'; := X Z7Y, i.e.,

(6.2) M=T;', D=-MI'yM, K=-MT3M + DI'\D.

A standard triple (X, Z,Y") is said to be self-adjoint if there exists a symmetric matrix
S € Gl,(R) such that SY = X7, ZT = §ZS~!. The theorem above states that
[Z,Y, X] is the realization of a symmetric transfer function und thus S is unique.
Note that if L(s) possesses a self-adjoint standard triple, then the moments I'; are
symmetric and hence, by (6.2), the coefficients of L(s) are symmetric as well. Thus, by
Theorem 6.3 together with (4.4), if one standard triple is self-adjoint, then all standard
triples of L(s) are self-adjoint. Moreover, in this case the pole sign characteristics of
L~1(s) are given by the sign characteristics of (S, Z) for any self-adjoint standard
triple (X, Z,S71XT) of L(s). We need to introduce some further notation.

DEFINITION 6.4. Let (S, A) € R™*™ x R™*" be given, where S € Gl,(R) is sym-
metric and A is S-self-adjoint and diagonalizable over C. For a < 0, we denote by
n_(a) (p—(a)) the number of eigenvalues of (S, A) of negative (positive) type in [, 0)
(e, 0]) and for a > 0, ny(a) (p4(@)) the number of eigenvalues of (S, A) of negative
(positive) type in [0, ) ((0,a]).

Next we present a result from [26] that gives a necessary condition on the sign
characteristics of quadratic matrix polynomials with positive definite leading and
trailing coefficient.

THEOREM 6.5 (see [26, Thm. 16]). Let (S, A) € R2"*2n xR2"X2" pe given, where
S =U".7,U for some U € Gly,(R) and A is S-self-adjoint and diagonalizable over
C. Let Apin and Apax be its minimal and mazximal real eigenvalue, respectively. Then
there exists X € R™ 2" such that X (sly, — A)71S71XT = (s2M + sD + K)~! for
some M >0, K >0, and D = D" if and only if
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n_(a)=p_(a) Va<Amn and n_(a) <p_(a) YVa € [Ann,0),

(6.3) ni(a) =pi(a) Va> Anax and ni(a) > pi(a) Va € (0, Amax]-

Remark 6.6. In [26, Thm. 16], pairs (S, A) are considered with a structure similar
to the canonical form of Theorem 4.2. However, we have seen earlier that the sign
characteristics of (S, A) from any self-adjoint standard triple (X, 4,S71X ) of L(s)
are exactly the pole sign characteristics of L=!(s) and hence do not depend on the
choice of the minimal realization of L~!(s) or the standard triple of L(s).

We are now able to prove the main result of this section on a necessary and
sufficient condition for our reduced system possessing a second order realization with
positive definite leading and trailing coefficient. Note that the proof of this theorem is
constructive, i.e., we can infer a method for constructing such a second order realiza-
tion. We restrict ourselves to the case where the reduced system is minimal. However,
later in section 8, when we present the whole reduction procedure, minimality is not
required.

THEOREM 6.7. Let a system [A,B,C] € E,, mm be given with D > 0. Suppose that
the system has semisimple zeros. Let further [.Z, E,CT be the reduced system from
Theorem 3.3 of order 2r, where r™ = r~ =: r. Suppose it is minimal and its zeros

are semisimple. Then, the following are equivalent:
(i) The transfer function G(s) of [A,B,C] has a second order realization of the

form (1.2), where K, M > 0 and D = DT € R"™" has at least r — m positive

etgenvalues. o
(ii) The real zeros of [A,B,C] are given by py < --- < pp and pf < -+ < pf <
uzﬂ =-.- zuzMn =0 and fulfill p; < pi foralli=1,... k.

(iii) The transfer function G(s) has a minimal realization [Ay, By, Cn] structured as
in (5.4) that fulfills the properties (a)—(c) from Theorem 5.3 and Ayy — Ass =

diag(uy ..., py) — diag(uy .., pg ) > 0.

Proof. (ii) = (iii) Let G(s) be the transfer function of [A, B,C] and [Ap, By, Cp]
be the positive real balanced realization given by Theorem 5.4 of the form (5.7).
Due to Remark 5.5 we can assume w. L. o.g. that [A,B,C] = [TT AT, T By, C, T for
T = diag ([%],[7.]). Let

[VZZ7 gZ7 527 DZ] = [TTAzfa TTBZ? szv DZ]

for T := diag (1..° .1, [1’"*8‘*2]) and let [A,, B,,C,,D,] be as in (5.8). Moreover,
the eigenvalues of A, are zeros of [A, B,C] and the real nonzero zeros of [A, B,C] are
eigenvalues of A,. Since [A,, B,,C,, D,] is received by positive real balanced trunca-
tion of the minimal and asymptotically stable system [A,, B,,C,, D,] from (5.8), the
discussion in section IIT of [20] provides that the system [A, B,C] is asymptotically
stable as well. Hence we can apply Corollary 4.3 to find some T € Glg,(R) such that

T7'AT=|0 A 0| and T'.7,T =.%,
-V 0 £

where A = diag(uf,...,u',:,ul_,...,u;) and & = diag(m,...,n.) for ¢ := p — k,
V = diag(vy,...,v.), withn; < 0and v; € Rfori =1,...,c. Applying the state space

transformation 7" := diag(Inte, ZA“, Iny0) to [.,Z, g,(?] then gives a minimal realization
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[An, By, Ca] of G(s) structured as in Theorem 5.3 and which fulfills the properties
(a)—(c) of this theorem. Now the zero sign characteristics of [A, B,C] are given by
the sign characteristics of (diag(l,,, —k), diag(0, A)). Hence, by assumption we get

that diag(uf,...,u7) — diag(ui, ... ,,uk ) > 0.

(iii) = (ii) This follows since pi,...,puf and pi,...,u, are respectively the
negatlve zeros of positive and negative type of the minimal realization [Ay, By, Cy] of
G (s) which is structured as in (5.4) and G(0) = Co AT 1B, = 0.

(iii) = (i) Suppose we are given a minimal realization [Ay, By, Cy] structured as in
Theorem 5.3 and such that diag(u, . .. ,uZ‘) —diag(py ,.. .,y ) > 0. Fori=1,....k
we set

0= e R0}, b=/ eR0), T=|% U ean®)
v po —ni o By —hi R T 2

Straightforward calculations give T;l = TS and

0 *
L wP=wH? -

wy —pi

(6.4) Tt diag(pf 1y )Ti =

Note that since ,uii < 0 for all i = 1,...,k, the lower right entry of the matrix on
the right-hand side is negative. We set T [B 2], where A := diag(ay,...,ax)
and B := diag(by,...,bx) and T := diag(l,— k,T Ir k) Interchanging some rows
and columns, we arrive at a minimal realization [A, B,C] of G( ) of the form (1.5),
where a second order realization can be derived directly with M = 1, K= ééT, and
D = DT. Note that D has the block form D = [ngl g;z |, where Dy; € RT—mXr=m and

12

522 € R™*™ are positive semidefinite and diagonal matrices. Hence, Sylvester’s law
of inertia [22, Thm. 4.5. 8] implies that D has at least r — m nonnegative eigenvalues.

(i) = (iii) Suppose G (s) has a minimal second order realization of the form (1.2),
where M € R™*". By Lemma 5.1, G(s) then also has a minimal realization [As, Bs, Cs]
of the form (5. 1) Where its real and nonzero zeros coincide with the real eigenvalues
of Ag = | g s D 13 ] € Glgy(R) for p := r —m — £ and the zero sign characteristics
of [As, By, Cs] coincide with the sign characteristics of (diag(/m, —}), diag(0, Ay)).
Since, as mentioned in the first part, all zeros of [A B C] have nonposmve real part,

we can apply Theorem 5.3 to obtain a minimal realization [Ay, By, Ca] of G(s) of the
form (5.4). Recall that the transformation T" € Gl (R) we use to transform [As, B, Cs]

into [Ay, By, Cy] has the block structure T' = diag(l,1¢, T Iyim), where Te Gla, (R)
has to fulfill (4.5), i.e., fTYpf = “p. This implies that the sign characteristics
f (—Yp,.ﬁs) coincide with the sign characteristics of (—.7,, diag(A44, Ass)), with
Ays, Ass from (5.4). Setting X := [0 I,] we obtain

XATU | (-G 0 XA +_[o
lXﬁsljs] - { 0 Ip and X.Z;l-le\s pr = Ip .
Thus, using (6.2) and Theorem 6.3, (X.Zs_l, ﬁs, #,X ) is a standard triple for

(21, — p X AuS X T — (X (ATH2.7,X 1) = 421, + puDyy + GisGls.
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Moreover, the standard triple is S-self-adjoint for .S := ypﬁ; L since

szl\ss_1 = ypﬁs_lvzt\sﬁsyp = ypﬁsyp = A\;
XA = ATXT = A "7,7,XT = A X T = 8.7,X 7.

Now Theorem 6.5 implies that for this standard triple, n_(a) < p_(«) for all a €
[min, 0). Further, we get that

— Az AgsAzg 0 1 0 Az
ST 7—=TAp=T _ 0 AZAL 0 0
rAT = 0 0 Ay 0
—~ Az 0 0 0

The sign characteristics only depend on the real eigenvalues and thus, (Ypyzl\s_ Y .Zb)
and (fTYpffﬂﬁ; 7 , fﬁlﬁsf) have the same sign characteristics as the tuple
(diag( Ay, Asy )-p, diag(Aas, Ass)). Recall that Ay and Ass are negative definite.
Hence, the sign characteristics of the latter coincide with the sign characteristics of
(—p, diag(Aua, Ass)). Therefore, we get that n_(a) < p_(«) for all @ € [tmin,0)
also holds for (—.,, diag(A44, Ass)), which means that Ass < Auq. O

We close this section with a discussion on the treatment of the necessary condition
that is needed in order to recover a second order realization which we have learned
previously.

Remark 6.8 (handling of the necessary condition). Unfortunately, the condition
diag(uy, ... ,u'k’,') — diag(py, ...,y ) > 0 on the zeros of the reduced system is not
fulfilled in general. Moreover, we cannot guarantee establishing this property by
small perturbations, since the sign characteristics are stable in the following sense.
Consider a pair (H, A) € R"*" x R™*" where H is symmetric and nonsingular and
A is H-self-adjoint and diagonalizable over C. Then for every simple real eigenvalue
A, there exist structure preserving neighborhoods Ua of A, Uy of H, and Uy of A
such that if Ay € Uy is Hy-self-adjoint for some H;, € Uy, then there is exactly one
real simple eigenvalue A1 of A; in U, and it holds that it has the same sign as X;
see [17, sect. II1.5.1, Thm. 5.1]. Due to these facts, we have decided that whenever
this condition fails, we add a certain subsystem in our reduction method after the
truncation in order to recover this property instead of relying on perturbations of the
system matrices; see section 8.

7. Positive real balanced truncation for overdamped systems—the ex-
ceptional case. Here we consider second order systems of the form (1.1) that ad-
ditionally fulfill that M, D, and K are all symmetric and positive definite, and the
so-called overdamping condition

(7.1) (v*Dv)? > 4(v*Mv)(v*Kv) Vv € C"

is fulfilled. It is known that the overdamping condition implies that all zeros of
det(s?M +sD + K) are real (see [11]); it therefore generalizes the discriminant condi-
tion to the matrix-valued case. By forming a self-adjoint standard triple (X, A, S71X ")
of L(s) = s2M + sD + K, we can define the sign characteristics of L(s) to be those of
(S, A) [15]. The sign characteristics of overdamped systems have a certain structure,
which is summarized in the following result.
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THEOREM 7.1 (see [1, Thm. 3.6]). Let (X, A,S71XT) form a self-adjoint stan-
dard triple of some matriz polynomial s°M + sD + K, where M,D, K € R™*™ qre
symmetric. Then the following are equivalent:

(i) All eigenvalues of (S, A) are real, semisimple, and negative and every eigenvalue
of negative type is smaller than every eigenvalue of positive type. In detail, they
Fulfill AT < -~ <A\, <A <. <P <o,

(ii) It holds that M,D,K >0 and (7.1).

Noticing that the distribution of the real eigenvalues and their signs are system
invariants, we obtain the following result.

COROLLARY 7.2. Let a second order system be given of the form (1.1), with
M, D, K >0, which fulfills the condition (7.1), and let G(s) be its transfer function.
Then every second order realization of the form (1.1) with symmetric M, 5, K € Rvxn
fulfills ]Tj,f),f( > 0 and (7.1). In this case, for the first order representation [A, B, C]
of the form (1.3), the eigenvalues of (S, A) fulfill \{ < - < AF < A] < -+ <
A, <0.

Proof. As in the last step of the proof of Theorem 6.7 one can show that the
sign characteristics of s2M + sD + K are given by those of (=}, A). The second
statement thus follows from Theorem 7.1. O

In order to show that positive real balanced truncation preserves the overdamping
structure, we use some results of [8] and therefore need some notation.

DEFINITION 7.3. Let (S, A) € R?"X27 x R2nX2n yhere S is symmetric and non-
singular, and A is S-self-adjoint and diagonalizable over C. Consider the set C* :=
{x € C*" | 2*Sz = 0} and, for a subspace S C C*", let

(7.2)
. +oo ifsSnCct =0, —00 ifSNC~ =10,
v(8) = sup p(xz) otherwise, (8) = inf  p(x) otherwise,
zeSNC+ zeSNC—
where p(zx) = ””;Séf;”” We denote by

5;7(S,A) == {inf .7 (S) | S is a subspace of C*" with dimS = 2n — h + 1}
and o, (S, A) := {supt(S) | S is a subspace of C*" with dimS = 2n — h + 1},

Note that one has &, (S, A) < --- < 61 (S, A) and o, (S,A4) < --- < 05,(S, A).
We present two results from [8]. The second one treats the assignment of the values
o; (5, A) and 6;“(5, A) to eigenvalues of positive and negative type for tuples (S, A) as
in Definition 7.3 where all eigenvalues are real and )\1" < KAP AT <<
In the first result, we study the values o (5, A) for tuples (S, A) that do not satisfy
such a distribution of the sign characteristics.

LEMMA 7.4 (see [8, Lem. 3.2]). Let (S,A) € R"X2" x R?"*2n yhere S =
UT.7,U for some U € Glg,(R) and A is S-self-adjoint and diagonalizable over C.
Suppose the eigenvalues of (S, A) do not satisfy \f < --- < A\F <A <--- < A7 e,
(S, A) has at least one nonreal eigenvalue, or there exists an eigenvalue of positive
type which is larger than an eigenvalue of negative type. Then, JIH(S, A) = oo for
1<j<n.

THEOREM 7.5 (see [8, Cor. 4.4 and Thm. 4.3]). Let (S, A) € R?"X2n x RZnx2n
where S = U ., U for some U € Gla,(R) and A is S-self-adjoint and diagonalizable.
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Suppose that all eigenvalues of (S, A) are real and satisfy \| < --- < AF < A\[ <
- <\, . Then, for 1 < j <n we have

oF (S, A) = — o (8, 4) = AT,
Ogn—j+1(5, A) = A}, and 65 (8,A) =

A consequence of Theorem 7.5 is that for S-self-adjoint and diagonalizable A with
only real eigenvalues which additionally fulfill /\1+ << AP < AL < - <A, this
property is preserved under the application of certain two-sided reduction matrices
on the pair (S, A).

LEMMA 7.6. Let (S, A) € R?>2n x R2nX20  yhere S = UT.,U for some U €
Gla,(R) and A is S-self-adjoint. Suppose that A is diagonalizable over C and that
(S, A) has only real eigenvalues that satisfy \| < -+ < A < A7 < --- <\, Let
W,V € R?"*9 be full rank matrices with g < 2n and suppose that for a symmetric
matrizc H € RI®9 it holds that HW ' =V 'S and W'V = 1,. If the eigenvalues of

(H WTAV) are semisimple, then they are all real and, if we denote them by )\i
<)\ L, where gT + g~ —g,theyfulﬁll)\+ <)\ <)\ <. gAg‘

Proof. We set B := W T AV and for v € CY we write

B(v) = v*VTSAVY __v*HBv
PO = m5VTSVe o Hu

By the previous theorem we have that A\ = o5 (S, A) = sup{p(z) | # € C*}. Then,

of (H,B) =sup{p(v) | ve CY, v*Hv >0} =sup{p(z) | z € C™, reCTNimV}
< o5 (S, 4) < co.

Now, from Lemma 7.4 it follows that all eigenvalues of (H B) are real and )\+ <. <
)\ < )\ << >\ . Hence, it remains to show that /\ < )\ . Note that

6, (H,B) =inf{p(v) | v€ CY v"Hv <0} =inf{p(z) | z € C*, z € C™NimV}
> inf{p(z) | x € C7} =95,(S, A).

In particular, by Theorem 7.5 it holds that X;} =5, (H,B) < 03,(5,4) = \} <
AL = 63,(5,4) < 6, (H,B) = ;. 0
For the main theorem of this section we combine the lemma above with the results

from section 5. More precisely, we prove that the structure of an overdamped second
order system is preserved applying the reduction ansatz from section 3.

THEOREM 7.7. Let a system [A,B,C] € 2, be given with D > 0. Let M := I,
and K := GGT and assume they fulfill (7.1). Let further [A,B,C] be the reduced
system from Theorem 3.3 of order 2r for r := v+ =r~ and let C~}( ) be its transfer
function. Suppose that the eigenvalues of A and the zeros of [.A B, C] are all semi-
simple. Then all eigenvalues of.A are real and fulﬁll )\+ <o < )\+ < X <. < /\_
In partzcular every second order realization of G( ) of the form (1.1) with symmetric

M,D,K € R™" fulfills M,D,K > 0 and (7.1). Moreover, G(s) possesses such
a second order realization.
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Proof. A combination of Lemma 5.1 and Corollary 7.2 implies that we can w.l. 0. g.
assume that A, B,C] is of the form (5.1) and all eigenvalues of (.#},,.A) are real and
negative, and they fulfill )\f << AP < A7 <o <AL <0. Since D > 0, the sec-
ond to last block rows and columns of size £ in (5.1), and therefore also the correspond-
ing blocks of [Ay, By, Cp], a positive real balanced realization of the form (5.7) of the
original system, are absent. Recall that the latter realization exists by Theorem 5.4.
Due to Remark 5.5 we can w.1.0.g. assume that [A, B,C] = [T A,T,T " By, C, T for
T = diag ([%],[]). Let

[-AmBZaévz,Dz] = [TT-AZT; TTBZacha DZ]

for T := diag (1.%..1, [I’”am ]) and [A,,B,,C,,D,] as in (5.8). Since the cigenvalues of
Ay are a subset of the eigenvalues of A they are all real and the eigenvalues of nega-
tive type of (diag(— m+p1 +Ipy+m), Ab) are all strictly smaller than the eigenvalues of
positive type of (diag(—Iym+p, s Ipy+m)s Ab). Now the tuple (diag(—ZIm+p, s Ipytm)s Ab)
and reduction matrices V := T and W := T fulfill the assumptions of Lemma 7.6
and hence, so does (T'T diag(—Ierp“nger) TTAbT) (S, A) and T. It follows
that the elgenvalues of (YT,A) and of (fr m» A) are all real and fulfill )\+ <. <
)\+ < )\ <..- < )\ and af <--- <@, <py < <, respectively. On the
other hand, the system [.ZZ, gz, é;, D,] is received by positive real balanced truncation
of the asymptotically stable and positive real balanced (and thus, minimal) system
[A,,B,,C,,D,]. Now, the discussion in section III of [20] provides that the system
[KZ,gZ,CNZ,DZ] is asymptotically stable as well and hence, i, < 0. In particular,
A, is invertible. Since by Theorem 5.4, .,21\16 € Gl,,,(R), which is the block matrix on
the upper right of A;, and also of .Zl, it follows from the block form of g that it is
invertible as well. By the passivity of the reduced system we have that A7 < 0 and
hence, A < 0. We have now shown that property (a) from Theorem 7.1 is fulfilled
for the pole sign characteristics of the reduced system.

Since the second condition of Theorem 6.7 is fulfilled, we follow the steps (ii) =
(iii) and (111) = (i) to obtain a state space transformation T € Gla;(R) such that

T—YAT, T='B, and CT are structured as in (3.1) for some matrices G € GL.(R), B €
R’”X’", and some symmetric matrix D € R™". Note that the minimality assumption
of Theorem 6.7 is not needed in order to derive the transformation T. This shows that
G( ) possesses a second order realization of the form (1.1) with symmetric coeflicients
M = I, K = GGT, and D. Now Theorem 7.1 provides that it fulfills M D K>0
and (7.1). The rest of the theorem follows from Corollary 7.2. a0

8. Numerical aspects. This part is devoted to the numerical issues of the
presented results. One problem that occurs considering the original large-scale system
is that we need some factorization of the mass and stiffness matrices M and K.
Here, for many applications in mechanics those are band matrices or have an equally
sparse structure, a property that one can be exploited to compute sparse Cholesky
factorizations.

The bottleneck in the computation of the reduced order system is the determina-
tion of the minimal solution of the KYP inequality #{4 5,c,0 (P) < 0. Here one can use
the method from [31], which provides the minimal solution directly in factored form.
We use this method and apply the Riccati iteration with the RADI algorithm [6] and
with LT DL-factored intermediate iterates to solve the projected Riccati equations
that are constructed in [31]. That is, this method delivers low rank approximations
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of the type Puin ~ LT L for a matrix L which has a small number of rows compared

to the number of columns. We arrive at the following numerical procedure.
Numerical procedure: Second order positive real balanced truncation

and structure recovery. For a second order system of the form (1.1), where M, K >

0 and D > 0, compute a reduced system of the form (1.2), where M,I? > 0 and

D=DT.

Inputs: Matrices M, K >0, D > 0, and B, a tolerance value tol > 0.

Outputs: Matrices M, K > 0, D = DT, and B, estimates of the gap metric error

bound err and a relative gap metric error bound relerr.

(1) Start with the reduction by positive real balanced truncation as presented in
section 3:

()
(b)

Use the sparse Cholesky factors G and H of M, K to derive the first order
representation (1.3).

Compute a low rank factor L € RF*2" with k <« n such that Py, ~ LT L.
One can use, for example, the solver introduced in [31] that computes low
rank factors of a matrix P > 0 from a stabilizing solution triple (P,KC,L) €
R27X2n 5 RMX2n 5 R™MX™ of the so-called Lur’e equation

ATP+PA PB-CT KT
(8.1) { STP o . } + [ﬁT] K £] =0,

where the term “stabilizing” refers to the rank condition

Ao, + A B

rank [ K r

} =n+rank [K L] VAeCh.

Take the partitioned eigendecomposition

-7 0 o] )T
(82) LSAHQLT=[U7 Us Ul 0 S 0| |()],
0 0 ] [UNT

_1 _1
and define reduction matrices W' := ¥, >.%.U L and V := .%, LU, % 2,
where ¥ 1= diag(¥7,%]) and Uy := [U;  U;"], to compute a reduced first
order model

(8.3) Ir(t) = A2 (t) + Beu(t),  §r(t) = CoZin(b),

where A, == WTAV = [4““ :%“2] with jr’ij € R™7 for i, j =1, 2, B, =

Ar21 Ar 22
WTB, and C, := CV. The gap metric error bound and a relative gap metric
error bound can be estimated by

k—2r
err ~ 2 Z |oi| +2(2n — k)|ok—2r],
i=1
err

relerr ~ — —
err+25 (6 +0;)

where Yo = diag(&l, - ,'&k_g,.) S R(k72r)><(k72r) with |&1| > e > |gk—2r|
and X = diag(67,...,6F) € R™*".

? T
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Due to the approximation error of computing the low rank factor L, the model
(8.3) may not be mternally passive. Restore the internal symmetry structure
by setting B=C" = (B +C) and

A= %(-Ar 11+ Ar 1) _~V1A1~_V1T ;(-’Z’r 12 — -’2{7—!:21)
H-Ar2+ AL, L Aras + Al yy) = VoA V'

where A] and AJ are diagonal matrices containing the positive eigenvalues
of %(Xr,u + /T;r 11) and %(./2(7«722 + ,Z;':QQ) on their diagonal, respectively, and
where V7 and V5 are the corresponding eigenvector matrices with orthonormal
columns. Optionally, the structural zero entries in A can be set to zero. It
is recommended to choose significantly more ADI iterations than the order
2r of the reduced first order model to decrease the relative Frobenius norm
structural error

VIA=A [ + 18— Bz +118” —C.llp

VI + 1181+ 11C: 1

Estruct +—

(2) Continue with the second order structure recovery from sections 5 and 6.

(a)

(b)

()

If necessary, then apply a block orthogonal state space transformation as
in Remark 5.5 to derive a realization [Ap, By, Cb] of the form (5.7) with,
additionally, p1 = pa =: p.

For A, := [ Ajg’ jx] € R?PX2P_the principal submatrix of [,Zb,éb,éb] parti-
34

tioned as in (5.7), compute T’ € Glyp(R) such that

f—lAVZT = diag(./igg, ./Zl33)
with matrices Ay = diag(fis, . . . s [y7) and Ass = diag( Py, vy, Poor),
where P, ;, = [ ;i]. Perform a state space transformation with the
matrix diag(lpm+¢, T, Ime) to derive a realization [./Zl, lé,é] that we partition
as

0 0 0 Ay

A A N b1
i 0 2 0 24 o ) ST .
./4 - v v 5 A = . s A = . s
(8.4) 0 0 Asz As 24 - 2 -
—-A1T4 Ago Ags Aus Aok 2k
A;FZL = [Cl d1 ce C. dc] 5 ./T43 = [el f1 s €. fc] .

To retrieve the symmetry structure construct a transformation T

e Forie {1,...,q} choose j € {1,...,m} such that |a; ;|-|b; ;| > tol, where
a; j,b; ; are the jth entries of a; and b;, respectively, and set f; := ZT? |
i

e Fori e {1,...,c} we either find some j € {1,..., m} such that for the jth
entries of c¢;,d;,e;, and f;, which we call ¢; j,d; ;,e; ;,d; j, respectively,
i i)y | fi |d;,j| > tol, or o; + i7; is close to being an unobservable
or uncontrollable mode in which case |¢; ;|, |fijl, |ei ], |di ;| < tol for all

2, 2 ~ .
j€{1,...,m}. In the first case set 27 := g,éjr_;% and find [7'] # 0 which

7‘ei,j 5

solves
eizi2 - di _fz — G % —=0.
fiz2 —c;  eiz?+d; o

Scale the vector above via [y ] := /%%W[;E‘] and set T} := [ 2 2]
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o If for allg S {17 A ,m}, |am\ . ‘bi,j| < tol or |Ci,j|7 |fi,j
we can freely choose #; = 1 or T, = I,.

Define the transformation 7' := diag(Lnie,t1, . .. ,2?2-];, Ty, ..., T., Lnie) to get
a realization [.2, g,CA] = [T‘lfﬁ’,f_lg,cvf]. Apply a state space transfor-
mation V := diag(Z,,,, ;97 ©1:- -, Oc, Im1¢), where ©; is taken from (4.3)
and exchange the rows and columns to get a realization [Ay, By, Cy] of the
form of (5.4).
Note. The fact that z; > 0 and thus /z; € R is guaranteed by the following
arguments: By following the steps in the proof of (ii) = (iii) in Theorem 6.5,
we see that there exists a state space transformation for the reduced sys-
tem that leads to a system of the form [A,, B,,C,]. Moreover, such a state
space transformation, except from the rows and columns corresponding to
unobservable or uncontrollable modes, has to be of the form V.
If the submatrices Ay = diag(ji, . . . ,ﬁ%) and Ass = diag(pg, . .. ,ﬁi) from
A, as in (5.4) do not fulfill Ayy — As5 > 0, find

) ‘ei,j ) ‘d17]| S tol

ot > .o>t [Ty
0> g >+ > jip > max{fig, fir } and
g <00 < ﬁE_H
and replace Ayq, Ass, Alg, Alg with

Ay = diag( A, A7), Ass = diag(A™, Ass),

< min{fy, i}

vsihere /}’ = diag(ﬁ;,...,ﬁiﬂ) and AT = vdiag(ﬁgﬂ,...,ﬁq*) such that
Ass — Ass > 0. Abusing notation we rename Ass = diag(piy , .- -, fiy ).

Fori=1,...,qset a; :=

a; bZ .
T, = |:bi al} , Ti=diag(Imye, T1, ..o, Togy Iogm)-
Apply the state space transformation 7' to the system.

Suitable block exchanges brings the system into a realization [Ajg, B, Cs] of
the block form (5.1) from Lemma 5.1. A second order realization of G(s) is
given by

53 >~ a £
o+ o pulfo+ oy &l @feo-[g]wo
Ut g’y ——

=:D =K =

Remark 8.1. In the case that the submatrix A, of A as in (5.8) does not have
semisimple eigenvalues, one can perturb the blocks of ./TZ corresponding to positive real
characteristic values that are smaller than one. In doing so, if additionally CAB > 0,
the newly formed system [A+ A, B, C], for some sufficiently small [|Al|2, will then still
be passive (see [5]), and the quality of the reduced system is not affected.

We illustrate the performance of the above procedure with an example of three
coupled mass-spring-damper chains; see [39, Ex. 2].
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U1

ey ky ky ky .

7

7 Vnt1 1

72 ko kg ko ko ka %

CFAAAA— Mo = 7

7 Z

7 Z

77 Von+1 7
2 2 2 s

=

F1G. 8.1. Triple chain oscillator with (3n + 1) masses and three dampers.

Ezxample 8.2. The triple chain consists of three rows that are coupled via a mass
mo which is connected to the fixed base with a spring with stiffness ky. Each row
contains n masses, n + 1 springs, and one damper. The latter is attached to a wall;
see Figure 8.1. One can write the free system as

ME(t) + DE(t) + K&(t) = 0,

where M, D, and K are defined as M = diag(my,...,m1,ma, ..., ma, M3, ..., m3,Mo)
and D = aM + BK +v(eje] + en+1e;';+1 —|—62n+1€;—n+1), where e; denotes the ¢th unit
vector in R™ and with the dampers’ viscosity v. Moreover,

2 -1
Ky —R1 -1 2 -1
Koo — K2
K= 5 Ku - k1 )
K33 —K3
—HI —/6;— —K; ki + ko + k3 + ko -1 2 -1
-1 2
where k; = [0 ... 0 k,-]T € RY™™ and K;; € R™*™ for ¢ = 1,2,3. We choose the

input b = [1 1]—r and equally measure the velocities ¢, = [1 1]. The
second order control system then reads

ME(t) + Dg(t) + K&(t) = bu(t),  y(t) = cy&(t).
We consider the triple chain with n = 500; thus the number of positions is 3n + 1 =
1501,k0:50,k1:10,k2:20,k3:1,m0:1,m1:1,m2:2,m3:3,
a = [ =0.002, and v = 5. Following the previously presented numerical procedure
we first compute a first order reduced model of order 2r = 200. Applying (2) in this
procedure, we obtain a second order model of order » = 100. The latter has the form

ME(t) + DE(t) + KE(t) = Bu(t), () = BTE(),

with symmetric M, 5, K € R™" where M = I, K > 0, and D=DT and B €
RT’Xm.

Next we present numerical results computed with MATLAB R2020a on a ma-
chine with an AMD Ryzen 7 3700X 3.60 GHz 8-core processor and 16 GB of RAM.
The involved Riccati and Lyapunov equations have been solved using an unpublished
preliminary version of the M-M.E.S.S. 2.0.1 toolbox! [35] with a maximum of 300
ADI iterations.

! Available from https://gitlab.mpi-magdeburg.mpg.de/mess/mmess-releases, GIT repository tag
bc7be0cd5154201b3f988ef3a52£119406e173e7.
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(a) Sigma plots of the original and the reduced transfer functions.
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(c) Relative error.

F1G. 8.2. Frequency plots of original and reduced transfer functions and errors.

The sigma plots of the original and reduced transfer functions G(s) and G(s) for
the reduced models received from our method (SOPRBT), velocity balanced trunca-
tion (SOBTv) from [33], and position balanced truncation (SOBTp) from [33, 42] are
depicted in Figure 8.2(a), whereas Figures 8.2(b) and 8.2(c) show the absolute and
the relative error of the transfer functions evaluated on the imaginary axis for these
methods. We choose SOBTv and SOBTp as a comparison, since for symmetric models
with velocity measurements of the form (1.1) these methods are also structure pre-
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serving. With a maximum relative error of approximately 3.1-10~2 for our method we
obtain a good match between the original and the reduced second order system, which
is comparable to the maximum errors of velocity balanced truncation, approximately
2.7 1072, and position balanced truncation, approximately 2.0 - 1072. Admittedly,
the maximum absolute error of our method, reaching 9.1 - 10*3, is higher than those
of velocity and position balanced truncation for this numerical example, which are
approximately 1.9 - 101! and 1.5 - 10*!, respectively. In this example the structural
error from (1)(d) of our numerical procedure is egtruct = 3.7+ 1072, while the gap error
bound and the relative gap error bound, estimated as in (1)(c) are 4.8 and 3.9 - 1072,
respectively. Concerning computation times, executing SOPRBT took 5.10s, while
SOBTvV took 1.71s, and SOBTp took 1.58s.

9. Conclusion and outlook. We have presented a numerical procedure for
model reduction of passive second order systems that preserves asymptotic stability
and passivity and restores the second order structure. The underlying reduction
method is positive real balanced truncation, which provides the gap metric error
bound from [19] and is shown to yield a first order system with a special structure. It
is further shown that, under some further conditions, this reduced order system can
be represented as a second order system.

An extension of these methods to systems with position measurements and non-
co-located inputs and outputs is planned for future work. Even though these systems
are in general not passive, one can employ similar methods using artificial inputs and
outputs that lead to passive extensions.

Code and data availability. The MATLAB code and data for reproducing the
numerical results presented in this paper are available through doi:10.5281/zenodo.
4519721.
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