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1. Introduction

We consider model order reduction (MOR) of asymptotically stable linear time invariant (LTI) dynamical systems of
the form

X(t) = Ax(t) + Bu(t), x(0) = Xo,

y(t) = Cx(t) 4 Du(t)
for t > 0 with initial value xyg = Xpzo. We assume that A € R™", B € R™™, C € RP*", and D € RP*™, where m, p < n.
The functions u : [0, c0) — R™, x : [0, 00) — R", and u : [0, o0) — RP are the input, state, and output, respectively. In
this paper we assume that all feasible initial conditions live in a low-dimensional subspace of R" spanned by the columns
of the matrix X, € R"™ Y. In our paper, the system (1) will also be referred to as the full-order model (FOM).
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In this work we aim for a reduced-order model (ROM) of state-space dimension r < n of the form
X:(t) = Arx(t) + Bru(t), x:(0) = Xo.r2o, (2a)
Ye(t) = Gexe(t) + Dru(t) + f(1), (2b)

such that y,(-) is close to y(-) for all inputs u(-) and all initial values defined by z,. Obtaining such a reduced representation
is of relevance in many applications, in particular in simulation, optimization, and control of the system, see [1] for an
extensive study of application examples. Sometimes, the transient behavior of the system is of importance, for instance if
one wishes to avoid an overshoot of the output (or the difference between the output and a reference signal), i.e., if one
aims to bound its norm pointwise as in funnel control [2]. In this case, the initial condition of the differential equation
cannot be ignored and it should be included in the model reduction process.

Model reduction for LTI systems (1) (with x, = 0) is a well-established field, see, e.g., the monographs [1,3,4]. One
of the most widely used methods in this context is balanced truncation (BT). In this paper we will extend BT to systems
with nonzero initial value and we will develop two methods to achieve this goal. The first method determines a ROM of
state-space dimension r with error bound

1y —=yrllL, <2001 4 -+ na)llulle, + B llzoll2)- (3)

The other method obtains a ROM of state-space dimension r = k + £ with error bound
ly —yrlln, < 2(0k41+ -+ on) lully, +2(6¢+1 + - + ) 120l - (4)

Here, n;, 07, and 6;,i = 1, ..., n are the Hankel singular values of certain systems.
In this work we will first prove these bounds. Then we give a practical procedure for constructing the ROMs and
evaluate it numerically. Moreover, we give a detailed comparison to other state-of-the-art approaches.

2. State of the art

In this section we review the current state of the art on balanced truncation model reduction. In particular, we will
discuss several approaches for treating inhomogeneous initial conditions and give the error bounds, if available. It is
important to note that the error bounds listed in Section 2.2 are typically a posteriori bounds, so the error bound is only
available after the ROM has been computed. In contrast to that, our bounds (3) and (4) are a priori bounds, so they can
be evaluated before the ROM is known.

2.1. Standard balanced truncation model reduction

Balanced trunction (BT) is a well-established method for FOMs (1) that are asymptotically stable (equivalently, A has
only eigenvalues with negative real part) and where x(0) = 0, see [5], [3, Chap. 7]. The core idea behind BT consists of
considering two energy functionals. One functional measures the minimum input energy needed to steer the state from
zero to £ € R" in arbitrary time (whenever this is possible). The other functional measures the output energy that can
be extracted if the system lives in state £ € R" and no input is fed into it. It can be shown that both energy functionals
are quadratic forms in & that can be expressed by the symmetric and positive semi-definite solutions P, Q € R™" of the
Lyapunov equations

AP +PAT +BB" =0, (5a)

A'Q+QA+CTC=0, (5b)
which are called controllability (or reachability) and observability Gramian, respectively. The eigenvalues and eigenvectors
of P and Q reveal to us which states of the system need a lot of input energy to be reached and only deliver a small amount
of output energy. These are the states that are hard to be reached and hard to be observed, respectively. Moreover, they
only contribute little to the system’s input-output map, thus we wish to truncate them. To be more precise, we wish
to truncate those states that are simultaneously hard to reach and to observe. This is achieved by a so-called balancing
transformation. It consists of performing a state-space transformation with an invertible matrix T € R™" such that the
transformed system

X:(t) = T7'ATx.(t) + T~ 'Bu(t),

y(t) = CTx.(t) + Du(t)

is balanced, i.e., the correspondingly transformed controllability and observability Gramians are diagonal and equal, in
other terms,

T7IPT T = T7QT = ¥ = diag(oy, ..., on),
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where 07 > o3 > --- > oy,. The BT ROM of order r is then obtained by truncating the “small” Hankel singular values
Or+1, - - -, 0n. This is achieved by a two-sided projection with projection matrices T, € R™" and W, € R™" consisting of
the leading r columns of T and the leading r rows of T~ respectively, i.e., it is given by

X:(t) = W]AT,x,(t) + W, Bu(t),
Ye(t) = CTrx:(t) + Du(t).

The projection matrices can be obtained by determining matrices R € R™" and L € R™" such that P = RR" and Q = LLT
and a subsequent singular value decomposition (SVD)

T T o 0 ||v]
I'R=UxV" = [U; Uz][o Ez][V;T’

where U, V € R™" are orthogonal matrices, ¥ € R™" is the diagonal matrix containing the Hankel singular values
sorted in descending order, ¥y € R"™*" and Uy, V; € R™. Then
T, =RV, =;"? and W, =LU,5; "
We refer to [3, Chap. 7] for the details of this construction which we briefly denote by
[Tra Wra 01,4+, Gn] = BT(Av B’ Ca r)‘
The popularity of BT results from two desirable features:

e It is well-known that the ROM is asymptotically stable if o, > 0,41 [3, Section 7.2]. Define the space ]L’z‘ =
{g : 10, 00) - R¥: g is measurable and [, g(t)"g(t)dt < oo} with induced norm |igll,, = (J,* g(t)ﬂg(t)dt)l/2
(where functions coinciding almost everywhere are identified). If u € L%, then due to asymptotic stability of the
FOM and the ROM we have y, y, € ]L‘z’. If further xo = O, then BT guarantees the a priori error bound

Iy = yrllL, <2(or41 + -+ +on) llully, . (6)

e There exist very powerful numerical methods to solve large-scale Lyapunov equations (which is the computational
bottleneck of BT) such as the ADI method or Krylov subspace methods (see, e. g., [6,7]) for which well-tested software
packages exist, e. g., [8]. Under the condition that m, p < n, these methods typically deliver tall and skinny matrices
R and L such that P &~ RR" and Q =~ LLT and the balancing and truncation procedure can be adapted to work with
the low-rank instead of the full factors.

2.2. Approaches for dealing with nonzero initial conditions
Balanced truncation (BT). in its standard form could be directly applied to FOMs (1) with nonzero initial value. The ROM
is then given by
A = W/AT,, B,:=W'B, C :=CT,, D,:=D, (7a)
Xor = W'Xo, f=0. (7b)

The classical BT error bound can be extended to this case as follows. Define the space ]L’Z‘X[ = {G : [0, 00) = Rt : G is

measurable and [, G(t)'G(t)dt < oo} with induced norm |G|, = (/;~ G(t)TG(t)dt)]/2 (where functions coinciding
almost everywhere are identified). Then we can write the outputs of the FOM and the ROM as

t
y(t) = CeMXozo + / ce®*"Bu(t)dr + Du(t),
0

t
ye(t) = et Xo 2 + / Ce = IB.u(r)dr + Du(t).
0

Since in BT, both A and A, are asymptotically stable, Ce*Xo, Ce*Xo, € L5 as well as Ce*Xozo, CreXo 20 € L)) and
hence we obtain the estimate

ly —yrll, < ”CEA‘XOZO - CreAr-XO,rZO ”Lz +2(0r41+ -+ o) llully,
< |cetXo — CreAr‘Xo,r”]L2 lzolly + 2(0r 41 + - - + o) Il -

However, HC et Xy — Cefr X, is nothing but the H,-norm of the transfer function of the system [|:A 0:| , [XO ] ,

”ILz 0 A’ |Xor
[C —Cr] ] and can be computed by solving a (typically large-scale) Lyapunov equation [9, Chap. 4]. The problem is that

in standard BT, we do not attempt to minimize the part of the error that is related to the initial values. One can think

3
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of certain situations in which this error is large. One possibility is the case in which Xo, = W/Xp ~ 0. Then the error
associated with the initial values is essentially given by the H,-norm of the transfer function of the system [A, Xq, C]
which can be large.

The method TrIBT of Baur, Benner, and Feng [10]. consists of translating the state x(t) to X(t) := x(t) — Xo. The FOM becomes
X(t)=AX(t)+ [B Axo]TU(t), X

X(0) =0,
WO =CRO)+[D Cxo]Ut) with W(t) = [U(lt)] .

This homogeneous system is then reduced by standard balanced truncation. Note that BT is applied to an expanded system,
here [A,[B Axo], C]. Since U ¢ L', no computable error bound similarly to (6) can be given.”

The method AugBT of Heinkenschloss, Reis, and Antoulas [11]. consists of applying BT to the expanded system (A, [B Xo] , ]
to obtain the projection matrices T, W, and Hankel singular values 71, ..., n,. The ROM is obtained by (2) and (7) using
the modified projection matrices T;, W,. This method achieves an a posteriori error bound

Iy = Yrlly < 20001+ m) lull, + 3270+ 4 02 (LA ) lzol,.  (8)
where L is such that LL" is the observability Gramian of the expanded system, and ¥, = diag(n1, ..., n;). This bound has
two disadvantages: it involves the reduced system and the Hankel singular values appear with exponent 2/3.

The previously discussed methods are joint projection methods, i.e., they use a single projection to produce ROMs in
which both the responses to the input and initial state are treated simultaneously. On the other hand, there are seperate
projection methods producing ROMs in which the two parts are reduced separately. This leads to a ROM that consists of
two decoupled subsystems as in the following method.

[+ =74,

The method BT-BT of Beattie, Gugercin, and Mehrmann [12]. produces a seperate projection ROM. Let
[Tk, Wi, 01, ..., on] = BT(A, B, C, k),
[Te. Wy, 61, ..., 60,] = BT(A, Xo, C, £).
Then a reduced order model of order r = k + £ is constructed as in (2) with
W/]AT 0 w'B ~ 0 .
Ar:[ 0 W;A’Tl , B = Ok s Cr:[CTk CT@], D, =D, Xor= szo , f=0

Let [Ab, Xo0.bs Cb] be a fully balanced realization of [A, Xp, C] and assume that Y solves the Sylvester equation

AYY +Y[le 0]A [’(ﬂ + GGy ['5] =0.
With

H = [hij] = XopXg, +2Y [Ic 0] Ap,
this method achieves an a posteriori error bound

1/2
1y = Yiell, < 2001s1 + -+ 0w) ully, + (herr.es100s1 + -+ + hunbi) " 20l - (9)

This bound has several disadvantages: even though, typically the values of h; ; fori = £+1, ..., n are small, the Hankel
singular values appear with an exponent, here 1/2. Moreover, a fully balanced realization of [A, Xy, C] is necessary, whose
computation is expensive and can be numerically unstable. Also, the matrix H depends on the reduced order ¢, making
deciding on ¢ difficult a priori.

Singular perturbation approximations. are another class of model reduction techniques that are somewhat related to
balanced truncation. Recently, the paper by Daraghmeh, Hartmann, and Qatanani [13] suggest a singular perturbation
approximation for systems with nonzero initial condition. There, the authors provide another a posteriori error bound
that is in the flavor of the one of [12] and which can be computed by solving a Sylvester equation that contains data of
the reduced-order model.

3. Proposed method

In this section we discuss the main contribution of our paper. Here we derive two kinds of ROMs. The first one is a
joint projection ROM in which a system with expanded system matrix is reduced by BT and in which both the system
responses to the input and the initial condition are reduced at once. This ROM admits the error bound (3). Thereafter, we
discuss a separate projection ROM in which both responses are reduced individually which leads to the error bound (4).
Since both ROMs are depending on design parameters we will have a detailed discussion about their interpretation and
choice and we will discuss how to construct the ROMs in practice.

2 The error bound given in [10] is incorrect.
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3.1. joint projection ROMs

Our first method consists of applying BT to a system with expanded input matrix. More precisely, the projection

matrices T, W, and the Hankel singular values n4, ..., n, are obtained by
[Ty W i) =BT (A, [B A+ ah)Xo] C.r). (10)

where « and B are real positive parameters.
The ROM is then given by (2), where the reduced matrices A;, B, C;, and D, are given by (7a), and X and f (in contrast
to (7b)) are given by
Xor = (Ar +aly) 'W[(A + aly)Xo (11a)
f(t) ;= Fzoe™®" with F, := CXg — G:Xo,r. (11b)
We call this reduction method joint projection decaying shift balanced truncation, or shortly jShiftBT, because the derivation

of this method involves a decaying shift of the system state (cf. the proof of the following theorem).
For this ROM we will prove the above mentioned error bound in the following theorem.

Theorem 1. Let the LTI system (1) be asymptotically stable. Let «, B be real positive scalars. If n, > 1,1, then the ROM (2)
defined by (10), (7a), and (11) is asymptotically stable and the error is bounded by (3), provided that —« is not an eigenvalue
of A;. Moreover, we have y.(0) = y(0).

Proof. The proof consists of the derivation of the ROM and proceeds in three steps.
Step 1: First, similarly to the method of Baur, Benner, and Feng [10], the state is shifted to X(t) := x(t) — xoe™®, i.e,,
the shift decays with rate . Then %(0) = 0 and for X(-) we obtain

X(t) = X(t) + axpe ™
= Ax(t) + Bu(t) + axee™™"
= A(X(t) + x0e ") + Bu(t) + axoe ™
= AX(t) + Bu(t) + (A + aly)xpe .

For the output we get

Y(O) = C(R(t) + xoe™") + Du(t) = CX(t) + Du(t) + %cxﬂoe—m.

Thus we obtain a linear system with homogeneous initial condition, i.e.,

?(t):A?{(t)Jr[B ﬁ(A+aln)Xo]ﬁ(t), X0) =0,

WO = RO+ [P 5m] i) withﬁ(t):[ Zlgé)_wzo]

Step 2: We apply standard BT to this system, which amounts to (10) and obtain the ROM

%.(0) = AR (1) + [Br STEWiA+ aln)Xo] Wt), %(0)=0 (12a)
¥i(O) =GR+ (D 5/ ] o) (12b)

as in (7). For t = 0 we have
¥1(0) = GX(0)+ [P 57X | (0) = Du(0) + CXozo = ¥(0)

Since 7, > nr41 by assumption, the ROM is asymptotically stable [3, Section 7.2]. If u € LY, then we have Ui € ]Lg'+q and
therefore, y, y; € ]Lg and by (6) we have

Iy = ¥rlle, <2001+ -+ 0a) [T, - (13)
Inserting
i, < llull, + B[ V2ae™ 20 = llully, + Bllzolls | V2™ || = llull, + Blizoll2

into (13) yields the claimed bound (3).
Step 3: We set x.(t) := X:(t) + x,(0)e™* (i.e., we “unshift” X,(-)). Here we set x,(0) = Xo ;2o for an X, that is yet to be
determined. Putting this x,(-) into (12a) yields

x:(t) = Arx(t) + Bru(t) + (W:(A +alp)Xo — (Ar + aIr)XO,r) Zoeiat,
5
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which reduces to (2a) by choosing Xy » as in (11a). Inserting x,(-) into (12b) yields

¥r(0) = Gx()+ [P 575 Ko () = o, 208
= Grx(t) + Du(t) + Fzoe ™,
which is (2b) for F; as in (11b). This concludes the proof. O

Remark 1. The property y,(0) = y(0) is shared with TrIBT. The other methods do not guarantee this.

Remark 2. The term f(t) = F,zge™®" in our ROM is non-standard. It consists of a vector times a scalar-valued exponential
function. Hence it is easy to compute. However, if a ROM without f is desired we can get rid of it at the price of expanding
the ROM. Indeed, the ROM may be reformulated by appending ¢(t) := e™** to x,(t). This gives

)‘(_r(t) _ Ar 0 Xr(t) + Br u XT(O) _ XO,rZO
p(t)] [0 —a]|o(t) 0™ [¢@) [ 1
x(t)

Vr= [Cr FrZO] |:¢((§):| + Dru(t).

However, the initial value is not linear in zo anymore (but affine linear). Also, the output matrix of the ROM depends
on zo, which may be undesirable. These disadvantages can be removed by reformulating the ROM by appending v (t) :=
R;zpe ™%t to x,(t). This yields

X (t) Ar 0 xr(£) B: x(0) Xo,r
Fol=[5 [l (5] [36]=[% ]
(t
»w(t)=[G L] [’;Etﬂ + Dyu(t),

where F, =: LR, is a rank-revealing decomposition of F,. This ROM is completely in standard form, but is of order
r + rank(F, ) which is bounded from above by r + min{p, q}.

Remark 3. As a case study consider the case ¢ = 1 and X, being an eigenvector of A corresponding to an eigenvalue
—a € R. Then (A + al)Xp = 0 and our method gives the same projection matrices as standard BT. Now if X, happens
to be both, an uncontrollable mode and easy to observe, it will be truncated in the ROM, i.e,, WTTXO =0and Xp, = 0.
On the other hand it has, as an initial value, significant influence on the output y(-). How can our method work in this
situation when standard BT does not? The answer lies in the extra term f(-) that reduces to CXpe™ " in this case, i.e., it
reintroduces the mode that has been truncated by BT.

3.2. Separate projection ROMs

The ROM constructed in Section 3.1 is a joint projection ROM where one has to specify the parameter 8 to put an
emphasis either on the input or on the initial condition. However, the reduction error may be large if, e.g., a high weight
is put on the input error (8 is large) and if ||z ||, is large, since then the expression ||ull,, + B ||zl is large, too.

So the motivation of this subsection is to reduce the two parts of the system individually and to construct a
seperate-projection ROM out of the two reduced subsystems similarly as in [12].

To begin with, we write the output of the system (1) as

t

y(t) = CeMxo+ | Ce*"PBu(r)dr + Du(t).
V 0

=Yxo (t)

=:yu(t)
The output component y,(-) is given by the output of the system
x(t) = Ax(t) + Bu(t), x(0)=0,

14

Yult) = C(0) + Du(), ()
while y,,(-) is the output of the system

X(t) = AX(t), X(0) = xo = XozZo. (15)

Yo (£) = CX(1).
Now we reduce the system (14) using standard balanced truncation, i.e.,

[Tk, Wi, o1, ..., on] = BT(A, B, C, k)
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and the ROM is given by
xi(t) = Axi(t) + Bru(t),  x¢(0) =0,
Yuk(t) = Cex(t) + Dyu(t)
with Ay = W,IATk, By = W,;I—B, C, = CTy, and D, = D.

The system (15) is reduced using the approach from Section 3.1 for 8 = 1. This results in performing balanced
truncation on a shifted system, i.e.,

—~ 1
Ty, Wy, 61, ...,0,| =BT (A, —(A+al )XO,C,€> (16)
[A ”] \/ﬂ n
and the corresponding ROM is
() = AR(t),  Re(0) = Xo.¢20,
Vxo.e(t) = CeXo(t) + Fpzoe ™",

with A, = WJAT,, G, = CTo, Xo.e = (A + ale) " W] (A + aly)Xo, and F, = CXo — CeXoe-
With the reduced subsystems above we can now construct the overall ROM

X(6)| _ (A O | x(t) B x0)_| O
[?z(f)] B [0 Ae} [@(f)] + [0] u(e). [?5(0)] B |:X0,£Zoi| ’
Xk( )

Yr(0) = Yur(t) + Yoo =[G C] [@(ﬁ)} + Du(t) + Frzoe™™".

We call this method separate projection decaying shift balanced truncation, shortly sShiftBT.
Now the following result is an immediate consequence of a combination of the standard BT error bound and Theorem 1.

(17)

Theorem 2. Let the LTI system (1) be asymptotically stable. Let o be a real positive scalar. If o, > oy and 6, > 604, then
the ROM (17) is asymptotically stable and the error is bounded by (4), provided that —« is not an eigenvalue of A,. Moreover,
we have y.(0) = y(0).

Remark 4. An advantage of the separate projection ROM is that it is a feasible ROM for all possible inputs and initial
values. In contrast to that one may have to construct several joint projection ROMs for different values of g in order to
cover all possible inputs and initial values one wants to simulate the model with.

Moreover, note that the reduced order of the separate projection ROM is r = k + £. However, since the reduced state
matrix is of block-diagonal structure, the two reduced subsystems can be simulated individually. In particular, we have

20 = ZL ;,-xg) with a basis {xg”, o, xgq)} of im Xp ¢. Thus, if the model has to be simulated for a lot of different initial
conditions, one could precompute

Yo () =Gt i=1,... q

Then for the particular initial condition xo = Xozo,
q .
Yro.lt) =D &y (1)
i=1
can be evaluated more efficiently and the online costs are dominated by a ROM of reduced order k.

3.3. Discussion of the parameters « and f8

All that remains is to choose the two parameters « and § in the method. Let us begin by noting that for ¢ — 0
our decaying-shift approach X(t) = x(t) — xpe ' reduces to the constant one of TrIBT. Also, for « — oo, the function
2

\/%e‘”" converges to Dirac’s § impulse used in AugBT and BT-BT. Moreover, for 8 — oo we obtain the standard BT
ROM. In that sense our approach contains the existing ones.

However, for all these extreme cases of « or 8 approaching zero or oo, our error bound gets huge! This is either,
because B appears explicitly in it, or because the expanded input matrix Bex, := |B ﬁ(/‘\ + al;)Xo | contains large
elements leading to large Hankel singular values. So, good values for « and 8 are neither too large nor too small.

With ¢, := 2(n;41 + - - - + 1) and ¢, := Bc, we write the error bound (3) as

1y =yrlle, < cu-llullL, +cx - llzolla- (18)

Note that all, ¢, ¢x,, and the Hankel singular values n; depend on « and 8. We will also write c,(c, 8) and ¢y, (a, B)
whenever we want to emphasize this dependency.
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Observe that both summands of (18) are influenced by « in the same way. Hence « is a tuning parameter, i.e.,
optimizing it for ¢, also improves the value of ¢y;. An ad hoc heuristic candidate is the choice

[1AXole
Xollp

Qheur =
which minimizes H ﬁ(A + aly)Xo ||F i.e., the norm of the extra block in Bex,. Another possibility that certainly comes to
mind is the negative spectral abscissa

Qheur = — Max Re(A).
AEA(A)
With this choice, the shift x(t) — X(t) = xpe™*‘ decays at the same rate as the most stable mode of the homogeneous
system x(t) = Ax(t). Of course, a can also be obtained by numerical optimization methods, see Section 3.5 for details. We
will assess these approaches with numerical examples in Section 4.

For B, things are different because it influences ¢, and ¢y, in different ways. Note that by our construction of Beyp, ¢y
is monotonically decreasing in 8 whereas ¢y, = Bc, is monotonically increasing. Thus, by increasing 8 we improve the
input part of the error bound c, - [|u[|,, but worsen the initial value part ¢y, - [|zo|l,, and vice versa. So, if nothing is known
about u and zg, then B should be considered a design parameter that is provided by the user. For example, if we want ¢, to
be a hundred times smaller than cy,, then we set 8 = 100.

However, in certain situations, 8 can also be a tuning parameter. Assuming that (typical or approximate) values of
lull,, and ||zoll,, or at least their ratio, are known, we can optimize the right hand side of (18) over o and B. In this
situation an ad hoc value would be

IBheur = ”u“]Lz/”zO”L (19)

as this choice balances the two summands in (18). It turns out that this choice is almost optimal with suboptimality factor
at most 2 as the following lemma shows. Thus, further numerical optimization for g is rather futile.

Lemma 1. Let |lufl, and ||zo|l, be given and choose Bheur = Ul /l|20ll,- For o, B > O define

e(a, B) = cule, B)(llull, + Blizoll2)-

Then for any fixed oy > 0 we have

e(ao, Bheur) <2 I;’Ll(f)l e(ag, B). (20)
Moreover,

min e(o, Bheur) < 2 min e(a, B). (21)

a>0 o,f>0

Proof. First we show (20): First, for «, 8 > 0 define

(e, B) = max {cu(er, B) llully, . cxlet, B)lzoll} -
Now let g > 0 be arbitrary but fixed. First note that Bhe,r minimizes w(«yp, -) because of the monotonicity of c,(«p, -) and
Cxo (@, -) and since

cu(@o, Bheur) lullL, = cxy(@0. Bheur)llzollz = Bheuru(eo, Bheur)lZoll,-

Then for all 8 > 0 we obtain

e(ao, Bheur) = 21(0, Bheur) < 2u(crg, B) < 2e(ap, B).

Next we show (21): Define «, := argming.oe(c, Bheur) and (&*, E*) = argminy g-oe(c, B). Then with the help of (20)
we obtain the estimate

(0, Bheur) < 8(&*, ,Bheur) = Ze(a*! E*),

which concludes the proof. O
3.4. Efficient construction of the ROMs

If @ and B are known, then we can construct the ROMs by (10) or (16) using a BT implementation of choice. However, if
the ROMs have to be determined for several choices of @ and g, or if « and 8 are to be determined inside an optimization
loop, then this can get prohibitively expensive. In this subsection we explain how the reduced-order models presented
in Sections 3.1 and 3.2 can be efficiently determined for many values of « and S.

Consider the two Lyapunov equations in (5) as well as

AP + PAT + XoX] = 0. (22)
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Assume that we have computed low-rank approximations of the solutions
P~RR", P~RR', Q=~IL".

Such low-rank approximations typically exist, if m, p, ¢ <« n and the low-rank factors can be efficiently obtained by many
established iterative methods such as the ADI or Krylov subspace methods (see, e.g., [6,7]). Recall that in Section 3.1 we

want to reduce the system [A, [B 7 I(A +aly )Xo] ,C ] so we need to determine its controllability Gramian given by
the solution of the Lyapunov equation

AP(a,,B)—i—P(a,ﬂ)AT—i-[B oA+ o] [B ﬂf(A+a1n)xo] 0.

By multiplying (22) by (A + al) from the left and by (A + al,)" from the right and adding (5a), we see that

ﬁf

.1 T
P(a,ﬁ)=P+(ﬁ\2ﬁ )) (ﬂrA+a1n)) )

In particular, we have the low-rank approximation

.
Pla. B) ~ Rla, BYR(a, B) = [R A+ ol R ][R = (A+alR ] :

Now the ROM is determined using the (compact) SVD of the matrix

ﬂf

M(a, B) = L'R(a, B) = [LTR SR+ ffﬁﬂﬁ] (23)
In particular, the nonzero Hankel singular values »; are the nonzero singular values of M(a, 8). Note that LR, LTAﬁ and

L'R are independent of « and B and are typically all small matrices that can be efficiently precomputed. Note that solving
the three Lyapunov equations is by far the dominant computational burden. Computing the SVDs, even for many values
of @ and B is comparatively cheap. This allows computing the ROM inside an optimization loop to obtain optimal values
of @ and B. This will be done in the following section.

Remark 5. The construction of the separate projection ROM from Section 3.2 and BT-BT also makes use of the same three
Lyapunov equations in (5). Also the ROMS of TrIBT and AugBT, while constructed differently in [10,11], could be built by
solving these three equations.

3.5. Optimizing the parameter o

Now we return to the optimization of «. The value apey; is no more than an educated guess; with the results of the
previous subsection we are ready to use numerical optimization machinery. First consider the bound (3), namely

Iy = yrll, <2 @ega(@)+ -+ mal@)) (lull, + B llzoll) -

=:cu(a)

Our goal is to find «, such that c,(a,) is minimal as this will minimize the error bound. Note that the Hankel singular
values n;(«) and hence y;(-) also depend on . However, the value of 8 as well as the reduced order r are fixed, so we do
not list them explicitly as arguments since we only focus on the optimization of « in this subsection. One should however
be aware of the fact that the optimization has to be repeated for every reduced order and parameter 8 of interest, because
the optimal value «, depends on both.

First, recall that the nonzero Hankel singular values n;(«a) are the nonzero singular values of the matrix M(«) =

[LTR 3 rLTAR + f L'R|. Hence, c,(-) is continuous and piecewise smooth. The only critical points «, where c,(-) may

not be smooth, are those for which »,(«) and 7,,1(«) coincide or where the smallest nonzero Hankel singular value goes
through zero. The latter is usually several orders of magnitude smaller than n,,1(-) and hence affects c,(-) only marginally.
Therefore, we do not consider this case any further here. However, note that in principal, the problem of minimizing c,(-)
is a non-smooth problem, meaning that local minima may be attained at points, at which c,(-) is not differentiable.

Next we show that, under a weak assumption, the case n,(op) = 1r1(cto) cannot lead to a local minimum at «( as
summarized in the following lemma.

Lemma 2. Assume that n.,1(-) is not differentiable at «g > 0 and that n,_1(ag) > nr(o) = Nrr1(co) > Nra2(eg). Let M(-)
have constant rank in a neighborhood of «. Then «q is not a local minimizer of c¢,(-).

Proof. Since the singular value curves of M(-) can be chosen to be real analytic, the function n,,1(-) is semi-differentiable
at g and the left and right derivatives

d, T - IIr d . T — Ir
& i(co) = lim Nra1(a) — nra(@o) & (o) = lim Nr41(@) — nr41(0g)

s
do a—ag o — 0 da a%a(;r a — g

9
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o

Fig. 1. Typical behavior of c,(-). Note that there are two non-differentiable points near 10%.

exist. We further have

d d_ . .
(a) g—;nrﬂ(ao) j 3 r(@o), since 1 (+)l(wp—e,oq) @Nd ’7r+1(')|[a0,a0+e) form a smooth singular value curve for some ¢ > 0;
(b) g nr(ao) < 55 nr+1(ao), since nryq(-) is the smaller singular value;

(c) the function c,(«) — nr41(a) = ZLHZ ni(a) is smooth in a neighborhood of « (using 7,11(0) > Nr42(ep) and the
constant-rank assumption).

Together we have

d d_ d d_ d_ d_ b)
icu(fxo) - acu(ao) 9 i’lrﬂ(ao) - a’?rﬂ(ao) 2 aﬂr(ao) - anm(ao) <0,

i.e., the right derivative of c¢,(-) jumps downwards at «g. However, for «g to be a local minimum, the right derivative
would have to jump from a non-positive to a non-negative value. Thus, «g is not a local minimum. 0O

Fig. 1 shows a typical plot of c¢,(-). We observe three segments: for small values of «, c,(-) is monotonically decreasing,
thereafter follows a region, in which ¢,(-) is non-monotonic and contains local minima and after that, for large values of
o, ¢y(+) is monotonically increasing. This can be explained by looking at (23): for small (or large) «, the term ﬁLTAR (or

%LTA’IQ) is dominating M(«) and its singular values — in contrast to the case of a medium-sized « for which the three

terms in M(«) are of comparable size.

Aiming for a local minimum of ¢,(-) at least, we proceed in the following steps:

Step 1: We use a sampling procedure to obtain a good value for «. One possibility is to sample c,(«) for a large range
of magnitudes in order to find at least approximately the region in which local minima are present. One possibility is to
choose o € {10’ | j € jmin,jmin + 1, ..., jmax} With integers jmin < jmax-

Step 2: We perform an optional local optimization to improve the best sample value c,(«) from Step 1. In our approach
we use standard gradient-based optimization methods implemented in the MATLAB function fmincon. To address the
possible non-smooth nature of the problem, one could also use more sophisticated non-smooth optimization methods
such as GRANSO [14]. It remains to determine the derivative of c,(-). As discussed above, these do in general not exist
for all a. Nevertheless, the derivatives exist almost everywhere. We need the following result for the derivative of the
singular values.

Lemma 3 ([15]). Consider the differentiable function Z : (—e, ¢) — R™™, Let o(t) be a singular value of Z(t) converging to
a simple singular value oy of Zy := Z(0). Let uy € R" and vy € R™ be the corresponding right and left singular vectors, i.e.,
||U()||2 = ||U0||2 =1, Zyug = opvg and UEIJ—ZQ = Uoug. Then

d d
—o(t) = vg (—Z(t) ) Ug.
dt =0 de =0
We have
d 1 TaAp 1 i)
@M(“) = [0 _2ﬂamL AR + 2MEL R]

10
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and with Lemma 3 we finally obtain

d " d = d
G =23 qonl@) =2 ) ule) g Ml@uy(a),
Jj=r+1 Jj=r+1
where uj(e) and vj(«) are the right and left singular vectors associated with the singular value nj(e) of M(a) which we
assume to be simple in order to ensure differentiability.
The second bound (4)

1y = yrll, =204+ +on) lully, +2 Grga(a) + - - + Oa(@)) llzoll2

can be treated in a similar manner as the bound above. Note that the first summand is parameter-independent and the
second one only depends on « in the singular values of
1 ~ o
N(a) = ——L"AR + iﬂ’ﬁ.

V2o V2

The derivatives can be obtained as for M(«) by setting 8§ = 1 and therefore, we omit the details here.
4. Numerical evaluation

Now we evaluate our method and especially the error bounds and compare them with the methods listed in Section 2.
Here we consider two small examples from the SLICOT benchmark collection for model reduction,® see [16]. In principle,
our method also works well in the large-scale setting since methods for solving large-scale Lyapunov equations are
available and the optimization procedure from Section 3.5 only acts on matrices which are constructed by low-rank
Cholesky factors which are usually small. However, we choose to consider small examples since they allow us to evaluate
the error of the reduction by simulating the error systems. The examples are constructed such that the input is zero
initially so that we can assess the quality of the reduction for the part of the ROM depending on the initial values. Later,
the input is turned on and we can evaluate the reduction of the response to the input.

Example 1. First we consider the beam example with n = 348 and m = p = 1. We choose X, = [X((f’j)] € R™ with
51) 101,2) _

q=2, Xé =1, X((, = 100, and zeros elsewhere. As input we choose
1, if t € [500, 1000],
ut) = .
0, otherwise

with [[u]l, = 500 and as initial condition we take xo = Xozo with zo = [ 19 ] and ||zo]|, ~ 10.0499.

Example 2. The second example we consider in this paper is the CDplayer with n = 120 and m = p = 2. The Xy € R™?
with ¢ = 2 is constructed such that WX, = 0, where W, is the left projection matrix obtained from standard BT with
r = 50. In this way we aim to construct an example where BT leads to a poor reduction in the part of the response that
depends on the initial value. The input is chosen as

u(t) = [(])] _ {1, if t € [1.5, 3],

0, otherwise
with [lufl,, = 1.5. The initial condition is xo = Xpzo with zy = [ ||, ] and ||zo]|, ~ 10.0499.

The following numerical experiments have been run under MATLAB R2021b Update 1 on a HP X360 Convertible laptop
with an Intel® Core™ i7-10710U CPU @ 1.10 GHz with 16 GB of RAM and using Windows 10.

4.1. Evaluation of the error bounds

First we consider the error bound constants ¢, and ¢y, as in (18) of jShiftBT for several fixed values of 8 and compare
them with the ones obtained by AugBT and BT. We have used the optimized values «, for the error bounds. The results
are listed in Table 1. As discussed in Section 3.3, the table illustrates that for jShiftBT, c, is monotonically decreasing and
that it tends to the value of ¢, for BT for 8 — oo. Moreover, ¢y, for jShiftBT is monotonically increasing.

Let us briefly discuss the performance of the heuristic choices aheyr and @peyr. A comparison is given in Table 2 in
which we list the values of the different « values and the corresponding value of ¢, for jShiftBT with 8 = 1 and r = 30.
Recall that in this case, ¢, = ¢,, so we only list one of the values. Apparently, the choice of Qpeyr 1S OVerestimating the
best error bound obtained by o, by up to two orders of magnitude. On the other hand, the choice oyeyr is closer to the
optimal value and there is only a small overestimation of the error bound.

3 See http://slicot.org/20-site/126-benchmark-examples-for-model-reduction.

11
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Table 1
Comparison of the error bound constants ¢, /cy, for AugBT, BT, and jShiftBT for several fixed values of 8. The parameter o has been
optimized as in SubSection 3.5.

r AugBT jShiftBT BT
B =0.01 B=0.1 B=1 B=10 B =100
(a) Results for Example 1.
5 2.4e+2/ 2.9e+4/ 3.4e+3/ 4.1e+2/ 1.7e+2/ 1.7e+2/ 1.7e+2/
2.5e+2 2.9e+2 3.4e+2 4.1e+2 1.7e+3 1.7e+4 1.0e+1
10 5.1e+1/ 1.2e+4/ 1.2e+3/ 1.3e+2/ 2.9e+1/ 2.4e+1/ 2.4e+1/
9.4e+1 1.2e42 1.2e+2 1.3e+2 2.9e+2 2.4e+3 8.4e+0
15 2.1e+1/ 5.0e+3/ 5.0e+2/ 5.3e+1/ 1.1e+1/ 7.7e+0/ 7.5e+0/
5.8e+1 5.0e+1 5.0e+1 5.3e+1 1.1e4+2 7.7e+2 3.8e+0
20 1.2e+1/ 2.8e+3/ 2.8e+2/ 3.1e+1/ 6.4e+0/ 3.8e+0/ 3.7e+0/
4.1e+1 2.8e+1 2.8e+1 3.1e+1 6.4e+1 3.8e+2 2.9e+0
25 6.7e+0/ 1.4e+3/ 1.4e+2/ 1.7e+1/ 3.7e40/ 1.9e+0/ 1.8e+0/
2.8e+1 1.4e+1 1.4e+1 1.7e+1 3.7e+1 1.9e+2 3.0e+0
30 3.5e+0/ 5.8e+2/ 5.8e+1/ 7.4e+0/ 2.0e+0/ 9.3e—1/ 8.6e—1/
1.9e+1 5.8e+0 5.8e+0 7.4e+0 2.0e+1 9.3e+1 1.3e+0
40 1.2e+0/ 1.9e+2/ 1.9e+1/ 2.6e+0/ 7.4e—1/ 2.5e—1/ 2.0e—1/
9.3e+0 1.9e+0 1.9e+0 2.6e+0 7.4e+0 2.5e+1 6.8e—1
50 4.2e—1/ 4.7e+1/ 4.9e+0/ 8.4e—1/ 2.2e—1/ 6.2e—2/ 3.3e-2/
4.5e+0 4.7e—1 49e—1 8.4e—1 2.2e+0 6.2e+0 3.8e—1
(b) Results for Example 2.
5 1.3e+3/ 1.0e+5/ 1.5e+4/ 2.8e+3/ 1.5e+3/ 1.3e+3/ 1.3e+3/
1.8e+4 1.0e+3 1.5e+3 2.8e+3 1.5e+4 1.3e+5 3.3e+1
10 7.0e+1/ 5.2e+4] 7.1e+3/ 1.1e+3/ 2.1e+2/ 7.6e+1/ 6.3e+1/
2.5e+3 5.2e+2 7.1e42 1.1e+43 2.1e43 7.6e+3 3.3e+1
15 2.0e+1/ 3.7e+4/ 4.5e+3/ 5.4e+2/ 1.1e+2/ 2.5e+1/ 1.2e+1/
1.1e+3 3.7e+2 4.5e+2 5.4e+2 1.1e+3 2.5e+3 3.3e+1
20 1.2e+1/ 2.7e+4/ 3.2e+3/ 3.8e+2/ 5.7e+1/ 1.5e+1/ 4.7e40/
7.6e+2 2.7e+2 3.2e+2 3.8e+2 5.7e+2 1.5e+3 3.3e+1
25 7.1e+0/ 2.1e+4/ 2.3e+3/ 2.8e+2/ 4.0e+1/ 8.6e+0/ 1.6e+0/
6.7e+2 2.1e+2 2.3e+2 2.8e+2 4.0e+2 8.6e+2 3.3e+1
30 4.2e+0/ 1.7e+4/ 1.8e+3/ 2.1e+2/ 3.0e+1/ 4.5e+0/ 8.1e—1/
4.8e+2 1.7e+2 1.8e+2 2.1e+2 3.0e+-2 4.5e+2 3.3e+1
40 2.1e+0/ 1.1e+4/ 1.1e+3/ 1.2e+2/ 1.6e+1/ 2.3e+0/ 2.9e—1/
3.0e+2 1.1e42 1.1e+2 1.2e+42 1.6e+2 2.3e+2 3.3e+1
50 9.1e—1/ 7.2e+3/ 7.4e+2/ 7.8e+1/ 8.6e+0/ 1.1e40/ 1.1e—1/
1.7e4+2 7.2e+1 7.4e+1 7.8e+1 8.6e+1 1.1e42 3.3e+1
Table 2

Comparison of the error bound constants of jShiftBT for the heuristic values oheyr, @heurs
and the locally optimal choice .. Here we use g =1 (thus, ¢, = ¢x,) and r = 30.

Qe Oheur &heur
(a) Results for Example 1
o value 1.1e+1 1.4e+42 5.1e-3
Cy 7.4e+0 1.5e+1 1.8e+2
(b) Results for Example 2
« value 5.6e+3 3.8e+4 2.4e—2
Cy 2.1e42 3.0e+4-2 2.9e+4

Next, we evaluate the error bound (4) of the separate projection ROMs and compare it with the a posteriori bound (9)
for BT-BT, respectively. For both methods, we list the values of ¢, and ¢y, in Table 3 for various partial reduced order k
and ¢. Since c, is the same for both methods we only list it once. First, we see that for all reduced orders, the bounds
for BT-BT are typically better than the ones for sShiftBT. However, we would like to stress that the a posteriori bound
of BT-BT requires a fully balanced realization of the system [A, Xo, C] which cannot be computed for large systems and
moreover the solution of a Sylvester equation for every value of £. On the other hand, our method works on the low-rank
Gramian factors and these can still be optimized even in the large-scale setting. So our bound can still be at least estimated
in practical applications.
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Table 3
Error bound constants of BT-BT and sShiftBT for the partial reduced orders k and ¢. Here
we use optimized values of «. The minimum constants ¢y, are emphasized by bold font.

k, L Cy Cxu

BT-BT sShiftBT
(a) Results for Example 1
5 1.7e+ 2 1.0e+ 1 2.9e+ 2
10 24e+ 1 7.0e+ 0 1.2e+ 2
15 7.5e+ 0 2.8e+ 0 5.0e+ 1
20 37e+ 0 1.7e+ 0 2.8e+ 1
25 1.8e+ 0 1.6e+ 0 1.4e+ 1
30 8.6e—1 2.9e—1 5.8e+ 0
40 2.0e—1 1.0e—1 19e+ 0
50 3.3e-2 5.9e—2 4.7e—1
(b) Results for Example 2
5 1.3e+ 3 9.0e+ 0 6.8e+ 2
10 6.3e+ 1 58e+ 0 4.1e+ 2
15 1.2e+ 1 6.2e+ 0 2.9e+ 2
20 4.7e+ 0 4.1e+ 0 2.3e+ 2
25 1.6e+ 0 3.4e+ 0 1.9e+ 2
30 8.1e—1 34e+ 0 1.6e+ 2
40 2.9e—1 1.8e+ 0 1.1e+ 2
50 1.1e—1 1.5e+ 0 6.8e+ 1

Table 4

Comparison of the error norms for the simulations in Figs. 2 and 3. Here we list the L,- and the
Ls-norms of the error trajectories in the respective time interval displayed in the figures. The smallest
errors are emphasized by bold font.

Method LLy-error Loo-error

(a) Results for Example 1

standard BT 1.3e+0 2.2e+0
TrIBT 2.1e+1 8.3e—1
AugBT 7.8e—1 5.3e—1
BT-BT 1.6e+1 6.8e+1
sShiftBT 1.6e+1 3.0e4+0
jShiftBT, 8 = Breur 1.1e+0 1.7e+0
jShiftBT, g = 0.01 4.2e+0 2.3e—1
jShiftBT, 8 = 0.1 3.8e+0 2.3e—1
jShiftBT, g =1 1.8e+0 2.6e—1
jShiftBT, g = 10 6.9e—1 4.0e—1
jShiftBT, g = 100 1.3e+0 2.1e+0
(b) Results for Example 2

standard BT 2.3e+2 1.2e+4
TrIBT 6.6e+2 7.3e+2
AugBT 5.2e+1 2.3e+3
BT-BT 5.5e+1 2.4e+3
sShiftBT 6.4e+1 1.6e+3
jShiftBT, 8 = Breur 1.9e+1 4.9¢e+2
jShiftBT, g = 0.01 7.2e+1 5.2e+2
jShiftBT, g = 0.1 1.9¢e+1 4.9¢e+-2
jShiftBT, g =1 2.0e+1 5.7e+2
jShiftBT, g = 10 2.0e+1 5.4e+2
jShiftBT, 8 = 100 3.6e+1 1.3e+3

4.2. Evaluation of the errors

In Fig. 2 we plot the actual errors for each of the reduction methods. Here we choose r = 30 for standard BT, TrlBT,
AugBT, and jShiftBT as well as k = ¢ = 15 for BT-BT and sShiftBT. These figures have been created by simulating the error
systems using MATLAB’s ODE solver ode45 and plotting ||y(t) — y,(t)||, over the time t. Note that the results typically show
an extremely oscillatory behavior, thus we have applied a smoothing filter to the output to improve the visibility of the
individual error trajectories. The examples have been constructed such that we see the error of the response to the initial
value in the first half of the considered time interval, while in the second half we see the error of the input-dependent
part. The figure indicates that for Example 1, the overall reduction using our jShiftBT outperforms all the other methods,
especially when reducing the response to the initial value. The same is true for Example 2, even though it is not as clearly
visible in the figure as for the first example (cf. Table 4 which contains the errors for our experiments). Standard BT
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(b) Results for Example 2.

Fig. 2. Comparison of the errors of the new approach with the methods from the literature. Here we use r = 30 for standard BT, TrlBT, AugBT,
and jShiftBT; and k = ¢ = 15 for BT-BT and sShiftBT as well as the optimized values of «.

also works similarly well for the two examples, as does AugBT. However, the two separate projection methods BT-BT
and sShiftBT perform much worse. But this behavior can be expected since the other methods use a single projection
to reduce both the responses to the initial value and the input at once. In constrast to that, in the seperate projection
methods, two individual projections which may have a large redundant “overlap”, have to be formed. Finally, the method
TrlBT does not seem to work well on both examples and produces by far the largest error.

Next, in Fig. 3 we present error plots for different choices of 8 in jShiftBT for the reduced order r = 30 (where we
have again applied a smoothing filter). As expected, the figure shows that for smaller values of g, the reduction of the
initial value response is emphasized, leading to smaller errors in the first half of the considered time interval, but to
larger errors in the second half. In contrast to that, we focus on the reduction of the input response for larger 8 and so
the errors are bigger in the first, but smaller in the second half of the time interval of interest. Finally, we evaluate the
;- and Ly,-errors obtained in all our numerical simulations and we list the corresponding error norms in Table 4. This
table shows that jShiftBT is the clear winner among all the methods and that the overall errors are also quite robust with
respect to changes in the parameter 8 for the considered examples. However, a few methods sometimes get close to the
errors of jShiftBT, this is especially the case for AugBT. The table further indicates that the reduction obtained by BT for
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Fig. 3. Comparison of the errors of jShiftBT for various fixed values of 8 and the optimal choice of «. Here we use the reduced order r = 30.

Example 2 is relatively poor compared with the other methods. This is due to the fact that the response to the initial
value is not reduced well (as purposely designed in this example).

5. Concluding remarks

In this work we have derived a new alternative procedure for balanced truncation model reduction for systems
with nonzero initial value. In contrast to other methods, our method provides an a priori error bound that can be
computed efficiently from the solutions of three Lyapunov equations that are needed in the reduction algorithm. As
the numerical examples have shown, our error bound and also the errors are often better to those of other techniques
available in the literature. Especially our new joint projection method outperforms all the other methods in our numerical
experiments. Even, if multiple joint projection ROMs have to be used for a large range of inputs and initial values, they
can be constructed very efficiently. This is because the main computational burden is the solution of the three Lyapunov
equations, whereas the parameter optimization is comparably cheap. Therefore, we recommend the potential practitioner
to use jShiftBT for reducing models with nonzero initial condition.
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Code availability

The MATLAB code and data for reproducing the numerical results are available for download under the DOI 10.5281/
zenodo.6355512.
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