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Abstract

Let IT be a regular algebraic cuspidal automorphic representation (RACAR) of
GL3(Ag). When IT is p-nearly-ordinary for the maximal standard parabolic with Levi
GL x GL,, we construct a p-adic L-function for I1. More precisely, we construct a
(single) bounded measure L, (IT) on Z; attached to IT, and show it interpolates all the
critical values L(IT x n, —j) at p in the left-half of the critical strip for IT (for varying
n and j). This proves conjectures of Coates—Perrin-Riou and Panchishkin in this case.
We also prove a corresponding result in the right half of the critical strip, assuming
near-ordinarity for the other maximal standard parabolic. Our construction uses the
theory of spherical varieties to build a “Betti Euler system”, a norm-compatible system
of classes in the Betti cohomology of a locally symmetric space for GL3. We work in
arbitrary cohomological weight, allow arbitrary ramification at p along the Levi factor
of the standard parabolic, and make no self-duality assumption. We thus give the first
constructions of p-adic L-functions for RACARs of GL, (Ag) of ‘general type’ (i.e.
those that do not arise as functorial lifts) for any n > 2.

1 Introduction
1.1 Context

There is a wide network of conjectures, including the Birch—-Swinnerton-Dyer and
Bloch—Kato conjectures, that describe important arithmetic invariants in terms of spe-
cial values of (complex) L-functions. One of the most successful tools in tackling these
conjectures has been Iwasawa theory, in which one seeks to formulate analogous p-
adic conjectures, replacing the complex analytic L-function with a p-adic L-function.
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The resulting p-adic Iwasawa main conjectures are often more tractable than their
complex counterparts, and provide beautiful, deep connections between analysis and
arithmetic.

A crucial launching point for Iwasawa theory is proving existence of p-adic L-
functions. Coates and Perrin-Riou conjectured the existence of a p-adic L-function
attached to every motive M over Q that is ordinary with good reduction at p, and
whose L-function has at least one critical value [9, 10]. This itself rests on Deligne’s
period conjecture [12]. One may formulate automorphic realisations of these (motivic)
conjectures, but proving these remains very difficult.

To illustrate this, consider the fundamental case where IT is a regular algebraic
cuspidal automorphic representation (RACAR) of GL,, (Ag). Then Coates and Perrin-
Riou predict that when IT is unramified and ordinary at p, there exists a p-adic measure
on Z; — the p-adic L-function of IT — interpolating all its critical L-values at p; we
recall the precise conjecture below.

Forn =1, 2, existence of p-adic L-functions has been known for decades (starting
from e.g. [35, 48]). For n > 3, however, our understanding of the conjecture remains
poor, and it is known only in very special cases, e.g. symmetric squares of classical
modular forms [11, 23, 56], RACARs of GL,,, with Shalika models [1, 13, 16], or
Rankin-Selberg transfers from GL,, x GL,,11 to GL,,(,+1) [28, 30, 57]. In particular,
in all known cases, I1 arises as a functorial lift from a group whose L-group is a
proper subgroup of GL,: beyond the classical cases of n = 1, 2, there are no known
constructions applying to automorphic representations IT of ‘general type’, i.e. not
arising from a smaller group in this way.

In this paper, we prove existence of p-adic L-functions for p-ordinary RACARs
of GL3(Ag), making no self-duality or functorial lift assumptions. This provides the
first examples of p-adic L-functions for general type RACARs of GL, (Ag) for any
n>2.

We briefly highlight some further strengths of our construction:

— We work in arbitrary cohomological weight, and prove the so-called ‘Manin rela-
tions’; that s, for each critical region we construct a single p-adic measure that sees
L-values at all critical integers (rather than a separate measure for each different
critical integer).

— We actually prove a more general conjecture of Panchishkin [50] that refines
Coates—Perrin-Riou: rather than Coates—Perrin-Riou’s assumption of Borel-
ordinarity at p, we impose p-ordinarity only along either the maximal standard
parabolic P; with Levi GL| x GL;, or P, with Levi GL; x GL;. Additionally, we
give constructions (in both cases) assuming only near-ordinarity, hence extending
[50] beyond the ordinary case.

— We allow arbitrary ramification at p. As a result, our construction applies even
to a class of RACARs that have infinite slope at p for the Borel subgroup (those
that are nearly ordinary for P;, but have infinite slope along the other maximal
parabolic subgroup P;; or vice versa).

We believe that our result is “optimal”, in the sense that p-adic L-functions for
RACARs of GL3 should only exist as bounded measures when these conditions hold.
(Our methods can be adapted to construct finite-order tempered distributions interpo-
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lating L-values of RACARs which have positive, but sufficiently small, slope for 7;;
this will be pursued elsewhere.)

1.2 Our results

To motivate the precise form of our main result, we first state Panchishkin’s refinement
of the Coates—Perrin-Riou conjecture for GL, (Ag).

Letn = 2m + 1 be odd.! Let IT be a (unitary?) RACAR of GL, (Ag) with central
character wrp and weight A = (A1, ..., Agm41). Note A; > Ajy1, Ay = 0, and X; =
—A2m+1—i- With these notations, for 1 a Dirichlet character and ¢t € Z, the L-value
L(IT x n, t) is critical for (¢, n) lying in one of the following sets:

Crit (1) = {(=j,n) :0<j <Am_1, non(=1) = (=17},
Crit™ (M) = {(j + 1,n) :0< j < Ap—1, non(=1) = (=17}

See Proposition 2.4. These are the critical values of twists of L(IT, s) in the left and
right halves of the critical strip respectively. We write Crit(IT) for the union of these
sets. For (¢, n) € Crit(IT), let e (IToo X 1o, t) be the modified Euler factor at co of
[9, §1], which is a product of a rational number with powers of i and 7 (see Sect.2.5).

Algebraicity

As a precursor to p-adic interpolation, we first consider an algebraicity result for
L-values. Let E denote the rationality field of IT. If 5 is a Dirichlet character, let
E[n] denote the extension of E obtained by the values of 5. The following is [9,
Period Conjecture], a reformulation of the conjectures of [12] better suited to p-adic
interpolation:

Conjecture 1.1 (Algebraicity Conjecture for GLy,,11) There exist complex periods
Qﬁ € C* such that for all (¢, n) € Criti(l_[), we have

L(IT x n, 1)

o G~ HEV2 ¢ By, (1.1)
I1

eco (Ioo X oo, 1) -

where G (n) is the Gauss sum. Moreover, this ratio depends Gal(E[n]/ E)-equivariantly
onn.

Note that it suffices to prove the conjecture (for all IT) for one choice of the sign
=+, since the functional equation interchanges Crit™(IT) and Crit¥(ITY); see Sect.
10 below. A partial result towards this conjecture is known for n = 3, by work of
Mahnkopf and Kasten—Schmidt (see Sect. 1.3). Our first main result is:

! The case n = 2m is similar, but in many ways simpler: only the (m, m) parabolic subgroup is relevant;
and L(IT x n, j) is critical for all j in a certain interval, independently of the parity of , so we do not need
to split the critical interval into the two halves Crit™.

2 Any RACAR of GL3(A) is unitary up to some twist by an integral power of the norm character, so this
assumption is harmless. This contrasts with the situation for GL; (A), where the analogous statement fails.
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Theorem A Conjecture 1.1 holds for n = 3.
P-adic interpolation

Now suppose p is a prime. The second conjecture we state builds on the algebraicity
conjecture 1.1 by predicting the algebraic parts of L-values vary p-adic analytically as
we deform (n, j). It implies that these values satisfy remarkable p-adic congruences,
akin to higher-dimensional analogues of the famous Kummer congruences for the
Riemann zeta function.

Let P; be the block-upper-triangular parabolic subgroup with Levi subgroup GL; x
GL,—;. A P;-refinement is a choice of irreducible representation of GL; x GL,_;
appearing in the Jacquet module Jp, (T1 ). We define in Sect. 2.6 below a notion of slope
for P;-refinements, and we say Il is P;-nearly-ordinary if it admits a P;-refinement
of the minimal possible slope. We are most interested in i = m, m + 1.

Let Crit[jf(l'l) C Crit*(IT) be the subset of (¢, ) where 1 has p-power conductor.
For such (¢, ), let e, (IT, x np,t) € E[n, G(n)] denote the modified Euler factor at
p of [9, §2] (see Sect.2.7). Let LP(TT x n, s) be the L-function without its Euler
factor at p. Then we have the following conjecture, which is (a generalisation of) the
conjectures of Coates—Perrin-Riou and Panchishkin:

Conjecture 1.2 (p-adic L-functions Conjecture for GLy;,;41)

() Suppose 11 is Py -nearly-ordinary. Then there exists a p-adic measure L, (IT) on
Z; such that for all (t,n) € Crit;(l’[), we have the interpolation

LTI x 5, 1)

/ n(x) " x! ~dL, (T (x) = eco (Moo X Moo, 1) €p (T X 7, 1) - -
7 Qg

P

(1.2)
and L;(l'[) vanishes on characters of sign # wn(—1).
(ii) Suppose I is P,,41-nearly-ordinary. Then there exists a p-adic measure L;,r(l'l)
on Z; such that for all (t, n) € Crit;(l‘[), we have the interpolation

LP)(TT x n, 1)

/ZX ﬂ(x)ilxt 'dL;;r (I1) (x) = eco (IToo X oo, 1) €p (Hp X Np, l) : oF
I

P
and LZ(I’[) vanishes on characters of sign # —wr(—1).

We call Lff(l'[) the left-half and right-half p-adic L-functions of I1. Each of these
objects, if it exists, is uniquely determined by the interpolation property in the theorem
(since it is a measure). If IT is nearly ordinary for both P, and P4, then we can
define a single p-adic L-function L ,(IT) = L;‘(H) + L, (ID) interpolating critical
values in both halves of the critical strip; but the conditions of near-ordinarity at P,
and Py, are independent of each other, so it can occur that only one of these objects
is well-defined.

In this paper, we prove:

Theorem B Conjecture 1.2 holds in full when n = 2m + 1 = 3. O
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As with Theorem A, it suffices to prove Theorem B for one choice of the sign
(and all TT). This is because IT is Py, 1-nearly-ordinary if T1" is P,,-nearly-ordinary,
and vice versa; and via the functional equation, we show in §10 that part (i) of the
conjecture for I is equivalent to part (ii) of the conjecture for ITV. This also gives a
p-adic functional equation relating L?f (IT) and Lf(l'[v).

1.3 Mahnkopf’s work on algebraicity

We now describe the starting-point for our constructions, which is Mahnkopf’s demon-
stration of a weakened form of the Algebraicity Conjecture for n = 3. He uses the
Rankin—-Selberg integral for GL3 x GL;: taken with IT on GL3 and an Eisenstein series
on GLj, this integral computes a product of (twisted) L-functions for IT.

In [45] Mahnkopf gave a cohomological interpretation of this integral, as we now
sketch. We take I'T to have weight A = (a, 0, —a), and let V, be the GL3-representation
of highest weight A. Note in particular now that

Crit,, () = {(=j,m) : 0 < j < a, cond(n) | p=°, non(=1) = (=1)’}.  (1.3)
For j > 0, let VSLZ
Let Y553 (1) be the locally symmetric space for GL3 (of some neat level I{), and let

Y lG L2 (p™) be the locally symmetric space (of level I'1 (p™)) for GL;. For a Dirichlet
character n of conductor p”, one has:

i be the GL;-representation of highest weight (x, y) — y~/.

— a compactly supported Betti class ¢, € Hg(Y GL3 1), V)\v (C)) attached to any
¢ € Iy,

— and Harder’s weight j Eisenstein class Eis/*" e Hl(YlGL2 ", V(((;’L_Zj)((C)).

We have the following crucial branching law (cf. [46, Lem. 3.1]):

If (—j, m) € Crit, (I), then V(%})ij) C V)~|GL2 with multiplicity one. (1.4)

By pushing forward Eis/-" to Y013 and using (1.4), one can then define a pairing

(- - RO, v < B (RN, Ve ) - C 1)

such that (¢, Eis/") is a Rankin-Selberg integral; and for appropriate ¢, one of the
L-values it computes is L(IT x n, —j). Mahnkopf and Kasten—Schmidt used this
in [29, 45, 46] to prove that for each fixed j, Conjecture 1.1 holds up to replacing
eoo(TToo X Moo, —j) with some inexplicit, but non-zero, €so (IMeo X Moo, —j) € C*.

The new result we prove here, in order to complete the proof of Theorem A, is
that the inexplicit quantity €5 (IToo X Nso, —j) in fact coincides with the modified
archimedean factor exo (Ioo X 00, —j) 0of Coates—Perrin-Riou. Our proof of this will
in fact be bound up with the proof of Theorem B, which we now sketch.
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1.4 p-adicinterpolation

In light of the equivalence between parts (i) and (ii) of the p-adic L-functions conjec-
ture, it suffices to focus on part (i), and consider P;-nearly-ordinary refinements and
twists in Crit; (I7).

Mahnkopf’s work expresses L (IT x 1, —j) as an integral involving the pushforward
to GL; of the Eisenstein class Eis/*". Accordingly, for p-adic interpolation of L-values
the aim is clear; we must:

(I) p-adically interpolate the pushforward of Eisj_ 1 to YOI as i) (hence n) varies;
(I) p-adically interpolate the pushforward of Eis/" to Y63 as j varies.

This strategy was already known to Mahnkopf over 20 years ago, and work towards
(I) was the focus of [46] and [18]. However, these works did not ultimately lead to
constructions of p-adic L-functions, since their methods did not give sufficient control
on the denominators of Eisenstein classes to construct a uniquely-determined p-adic
L-function (see Sect. 1.6 below).

In this paper, we solve (I) and (I). Our key innovations are:

— the use of Beilinson’s motivic Eisenstein classes Eisfnot o (see Sect.5.3), and
5 N

— the systematic variation of a third parameter: the definition of the pairing (1.5).

The motivic classes are norm compatible, so their Betti realisations — the Betti—
Eisenstein classes Eis{bt_ , —form atower as n varies. Kings has shown they interpolate
well as j varies (see Sect.5.3.4). Whilst these classes are not integral, crucially for
an auxiliary integer ¢ one can define ‘c-smoothed’ modifications CEiS‘C’Dfn, that are
integral and which remain norm-compatible (see Sect.5.3.3). 1

By varying the pairing, we build a machine that ports these compatibility and
integrality properties from GL; to GL3. To make this more precise, we elaborate on our
approach, which is somewhat different to [45] from the outset. Let H := GL, x GL1,
and let ¢ : H — GL3 be the map (y, z) — (V 2 ) Our construction involves pulling
back Eisenstein classes under the natural projection H — GL;, applying the branching

law (1.4), pushing forward under: : H — GL3, and then twisting by a certain operator
ut" € GL3(Q,), where u = ( " (11)) ( ! 0 ) and T = diag(p, 1, 1). Varying the
parameters in this process varies the pairing (1.5). Ultimately, by ‘spreading out’ this
twisted pushforward map over a group algebra, we construct a machine that is, at level

n, a map

' (Y72 M), Vg2, @) — B (YO @, Vi) @ 2,2/ ")),
CEiséfn = . ,Ej].

Note that since YO is 5-dimensional, H3(YCL3 ), V,) is Poincaré dual to
H2(YSBs ), v).

Importantly, P1(Z p) - u - H(Zp) is open and dense in GL3(Z)), where we recall
the parabolic P; C GL3 from above. This provides a link with the theory of spherical
varieties, via GL3/H, as explored in [36]. Exploiting this link, in Theorem 6.10
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we show that for each fixed 0 < j < a as in (1.3), the machine preserves norm-
compatibility, but not on the nose: rather, for the Hecke operator U, 1 at Pj, we prove
that

Normi} ™ (c&,2,) = Up.1 (e&”").

Now let ¢ € II be a suitable U, i-eigenform with an associated class ¢, €
HE(YGL3 ), V,’(0)), where O is a finite extension of Z,. Let «), | be the Up -
eigenvalue of ¢. Suppose ¢ is Pj-nearly-ordinary, i.e. o)1 € O then for each
fixed j, pairing a;”; ¢y with . ,[,j ] (under Poincaré duality (3.6)) yields an element
BVl e lim O[(Z/p")*] = OIZ;]. In Sect., we show that if (—j, 1) € Crit,, (I,
then integrating this measure against n on Zl’,‘ interpolates a relevant Rankin—Selberg
integral. In Sects.8 and 9 we show that for appropriate finite test data, this integral
computes (a c-smoothed multiple of) the right-hand side of (1.2), up to the precise
factor at co. Taking this test data as input to our machine, and renormalising, yields a
family of measures Z[/1 that do not depend on the smoothing integer ¢ (see Sect. 6.3),
such that /] interpolates multiples of L") (IT x 5, —j) as  varies. This then solves
D.

It remains to prove (IT), the compatibility between the a + 1 measures {El/ ]}?:O.
This involves p-adically interpolating the branching law (1.4) as j varies. Again we
exploit the connection to spherical varieties: our set-up puts us in the framework of
[38], which we apply to prove

/xffoc)-ds“”(x):/ fx)-dEV(x),
VA Z;

P

i.e. the E/] are Tate twists of each other. Thus the measure Z[° on Z; satisfies

[ et a2 = [ e &= - L 5 )
ZX X

p p

where the term (x) is a product of a global period and certain local zeta integrals.
Away from infinity, for a good choice of test data, these local zeta factors are explicitly
computed in Sect. 8, and shown to compute the correct interpolation factors. We define
L}, (T1) by precomposing E!%! with the involution x > x ' on characters of Z.

This leaves the local zeta integral at co. By definition, for each j this Rankin—Selberg
integral is the inexplicit factor €5, (Iso X 7Moo, —j) from [46], which is non-zero by
[29, 58]. In particular, L, (ID) satisfies (1.2) up to replacing exo (Iloo X 00, —Jj) With
€00 (Too X Mooy —J)-

1.5 The factor at oo

To complete the proof of Conjecture 1.2(i), it remains to prove €oo(Ilso X Moo, —j) =
eco(Ilso X Moo, —J), i.€. that the factor at infinity has the expected form.

By construction, the factor € (IToo X Do, —j) depends only on j and I, and in
turn [T, depends only on A and wrr. Whilst we do not evaluate this integral directly,
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we do know that it is non-vanishing (for all [T, and j) by [29]. To get the correct
interpolation factor e, we exploit the fact that Theorem B is already known in full
when IT is a (twist of a) symmetric square from GL,. In this case, we compute the
ratio of our measure L, (IT) with the symmetric square p-adic L-function, and show
this ratio is constant. By (II), we thus deduce that the €00 (IToo X 700, —j)’s satisfy the
expected compatibility as j varies. Up to a global renormalisation, we thus deduce
€00 (Moo X Moo, —J) = eco(Tlso X Moo, —j) for all —j in the left-half of the critical
strip. Combining with Sect. 1.4, we deduce L; (IT) satisfies (1.2), completing the proof
of Theorems A and B for sign “—”. In Sect. 10 we use the functional equation to show
that this implies the sign “+” case as well, thus completing the proof.

1.6 Relation to previous literature

The most notable partial results towards Theorem B came in works of Mahnkopf [46]
(for trivial weight) and Geroldinger [18] (cohomological weight), who gave construc-
tions of algebraic p-adic distributions satisfying a partial form of the interpolation
(1.2). More precisely, for each critical integer j for I, they constructed a separate
algebraic distribution L} (IT) (denoted pp, j in op. cit.) satisfying a formula similar to
(1.2) for that fixed j and all sufficiently ramified 7.

However, using their methods, they were not able to sufficiently control the denom-
inators of their distributions, or obtain any kind of compatibility for varying j. In
particular, their distributions only defined functions on the set of locally-algebraic
characters of Z ; of degree < a; they could not prove that their distributions had any
uniquely-determined extension from this discrete set to the whole weight space of
continuous characters of Z;. Thus their methods did not give a p-adic L-function in
any usual sense (notwithstanding the titles of these papers). This is the fundamental
problem we overcome in the present work: our methods give uniform control over the
denominators of Eisenstein classes, allowing us to construct a uniquely-determined,
bounded measure interpolating all critical values.

(Whilst our p-adic methods differ totally from those of [18, 46], these references
do contain excellent accounts of a number of the automorphic aspects we require,
particularly the local zeta integral at infinity.)

In the special case when IT is a symmetric square lift of a RACAR of GL;(Ag),
a different construction of the p-adic L-function is possible, using Rankin—Selberg
convolutions of the GL, cusp form with half-integer weight theta-series; see e.g. [11,
23, 56]). However, these methods are completely specific to the case of symmetric-
square lifts.

1.7 Possible generalisations

Finally, we comment on possible future generalisations of the method developed here.
Most immediately, an appropriate modification of our method should give a gen-
eralisation to non-critical slope RACARs of GL3(Ag), which is being pursued by
Dimitrakopoulou—Rockwood. It should also be possible to generalise these results to
RACARs of GL3(A ), where F is a totally real field, by replacing Beilinson’s motivic
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Eisenstein classes with the Hilbert-Eisenstein classes of Beilinson—Kings—Levin [5].
Proposition 3.5.5 op. cit. yields the Hilbert analogue of Sect. 5.3.4 of the present paper.

In the longer term, we hope to apply similar methods to construct p-adic L-functions
for RACARs of GL,,, over QQ or totally real fields. For this, one requires a supply of
well-behaved Eisenstein classes for GL,,_1. The direct generalisation of our method
is not obvious: for n > 3, the group GL,_; does not give rise to a Shimura datum,
and it is not clear what the appropriate generalisation of motivic Eisenstein classes
should be. However, our methods only require the Betti realisation of motivic classes,
which are purely topological. It is reasonable to ask if there are norm-compatible
families of integral Betti—Eisenstein classes on GL,_, acting as a ‘Betti shadow’ of
some deeper, but presently mysterious, motivic structure; and with our methods, such
classes should give a p-adic L-function for GL,,. In this direction, a direct construction
of such Betti—Eisenstein classes for GL, over totally real fields was given in [49].

2 Preliminaries: automorphic representations
2.1 Characters

If x : (Z/NZ)* — C* is a Dirichlet character, there is a unique finite-order Hecke
character ¥ : Q*\AX/RZ, — C* such that x(wy) = x(¢) for all primes £ { N,
where @y is a uniformiser at £; conversely, every finite-order Hecke character is ¥ for
a unique primitive Dirichlet character .

Note that the restriction of ¥ to 2™ C A[ is the inverse of the composition 7° -

(Z/NZ)* RNyl Moreover, if ¢ | N, then X¢(w¢) = x© (¢£), where we have written
x = xex© a product of characters of £-power and prime-to-£ conductor. Given a
representation IT of GL3(A), we write IT x x for the representation IT x [¥ o det].

We let ¢ be the unique character of the additive group A/Q such that ¢ (x) =
exp(—2mix) for x € R. Note that the restriction of i to Qy, for a finite prime £, maps
1/€" to exp(2mi /L") for all n € Z. Let (Xe, ¥¢) be the local e-factor (with respect
to the unramified Haar measure dx), as defined in [59] for example. Then we have

[[eGe.vo =G = Y  x@exp@ria/N)

LIN ae(Z/NZ)*

for x primitive of conductor N. (We do not include the Archimedean root number
here.)

2.2 Algebraic representations

If J is a split reductive group, and p a By-dominant weight for some choice of Borel
Bj; C J, then we write V,{ for the unique irreducible algebraic representation of J of
highest weight ;. When J = GL3, we will drop the J and just write V.

Let T denote the diagonal torus of GL3 (identified with (G,,)? in the obvious
fashion), and B = T X N the upper-triangular Borel subgroup. The B-dominant
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weights for GL3 are of the form A = (a, b, c) € Z3, witha > b > c. If E is any
(Q-algebra, then we can realise V), (E) as a space of polynomial functions on GL3, via

Vi(E) ={f : GL3(E) — E : f algebraic,
fnmtg) =A@) f(g) Vn~ € N (E),t € T(E)},

where N~ (E) is the unipotent radical of the opposite Borel. We get a natural left-action
of y € GL3(E) on V,(E) by (v - f)(g) = f(gy). Let V)LV(E) denote the E-linear
dual, with the dual left action (y - u)(f) = u(y ' f).

A weight A = (a, b, ¢) is pure if a + ¢ = 2b. These are precisely the weights such
that V,” is isomorphic to a twist of V.

2.3 Automorphic representations for GL3

We recall some standard facts about automorphic representations of GL3 (for a fuller
account, see [47, §3.1], summarising [8, §3]). Let IT be a cuspidal automorphic rep-
resentation of GL3(A), with central character wr;. We identify IT with its realisation
in L%(GLg (@)\GL3(A)), considering any ¢ € IT as a function on GL3(A).

Let gl; = Lie(GL3). Recall that the centre of the universal enveloping algebra at co
acts on I, via a ring homomorphism Z(U (gl3)c) — C (the infinitesimal character
of I). We say Il is regular algebraic of weight X if I14, has the same infinitesimal
character as the irreducible algebraic representation V), for some dominant integral
weight A. (This determines A uniquely.) We use the abbreviation “RACAR” for “regular
algebraic cuspidal automorphic representation”.

2.3.1 Whittaker models

We denote the standard Whittaker model of IT by

~ A
Wy 1 TT =5 Wy (IT) € Indy 3y,
Q> Wy(g) = f p(ng)y " (n)dn.
N@Q\NA)

1x*
where ( i y) = ¥ (x + y). As ¢ is fixed throughout, we will often drop it from
1
notation. We denote cusp forms in IT by ¢, and elements of Wy, (IT) by W.

2.3.2 Cohomological automorphic representations
Let K 7,00 be a maximal compact subgroup of GL3(R), Zg1;,00 = ZgL; (R), and (—)°
denote the identity component. Write K3 . = K§; . Z31, o for shorthand. We say

IT is cohomological with coefficients in an algebraic representation W if

H* (g3, K3 o0 Moo ® W(C)) # 0. 2.1)
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Proposition 2.1 [8, Lem. 4.9]. IfI1 is a RACAR of weight X, then it is cohomological
with coefficients in W = V,’ (and this is the unique irreducible representation for
which T1 is cohomological). Moreover, A is necessarily pure (as in Sect. 2.2). O

This cohomology is then supported in degrees 2 and 3 [8, Lem. 3.14], and in each of
these degrees (2.1) is necessarily one-dimensional [47, (3.2),(3.4)]. We will consider
throughout only the lowest degree i = 2; exactly as in [46, §3.1] (where it is denoted
Weo) We choose a generator

Zoo € HA(gl3, K3 003 Tloo ® VY (O)). (2.2)

Convention Let IT be a RACAR of weight A. As in [46, §1] (noting Mahnkopf’s
is our 2a + 2), without loss of generality we may (and always will) normalise so that
b =0, so (by purity) A = (a, 0, —a) for some a > 0. In this case, we see that

~ R . R
Moo = Indp 38" (Dagy3.id) or Indp 38 (Dogys. sgn), (2.3)

where P, is the parabolic with Levi GL, x GL1, D243 is the discrete series represen-
tation of GL;(R) of lowest weight 2a + 3, and sgn is the sign character. In particular,
this implies that its central character wry has finite order (i.e. it is the adelic character
associated to a Dirichlet character wry), and hence IT is unitary.

Remark 2.2 If wry is odd, then Too = Indjy &% (D2q 43, id), and Ty is the twist of

this by sgn when wry is even. In [46], only the case of wr odd is considered, but we
allow both signs here.

2.3.3 Self-duality

We say I is self-dual if TIY = TI, and more generally essentially self-dual if T1 is
isomorphic to a twist of ITY. A theorem of Ramakrishnan [54] shows that if IT is
an essentially self-dual RACAR of GL(3), then there exists a non-CM-type cuspidal
modular newform f of weight a + 2, and a character v, such that IT = Sym2( HRv.

Remark 2.3 Ash and Pollack have conjectured [2] that all level 1 RACARs of GL3
are self-dual, and arise as symmetric squares of level 1 cuspidal eigenforms for GL,.
Examples which are not essentially self-dual do exist in higher levels; see the tables
of [15] for examples.

2.4 The L-function of I

We let L(IT, s) = [[;_o, L(I1¢, 5) denote the standard L-function of IT (without its
Archimedean I'-factors). We use the analytic normalisations here, so the Euler product
defining L(IT, s) converges for N(s) > 1.

Since IT is cohomological, it is C-algebraic in the sense of [7], i.e. there exists a
number field E such that [Ty is definable as an E-linear representation. Since half the
sum of the positive roots is in the weight lattice for GL3, it is also L-algebraic: that is,
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if E is any number field over which IT¢ is definable, then for primes £ such that Iy is
unramified, we have

LI, s) = Py (ﬁ_s)_1 s PX) = —aX)(1 = e X)(1 — yeX) € E[X],

where oy, B¢, y¢ are units outside £, and have valuation > —1 —a at £. If £ is aramified
prime, then we still have L(IT;, s) = Py(£~%) for some polynomial P, € 1+ XE[X],
but of degree < 3.

As I is given by (2a 4 2) @ (£, 0) in the notation of [34, §3], at infinity we have

0 wrniseven
Loo(Too X Mooy ) = Tr(s + 1 —c(s +a+1), w={ 17
1 wmnnisodd,

where I'g (s) = (271)_5/2F(s/2), and I'c(s) :=2Q27) 5T (s).

Proposition 2.4 Let n be a Dirichlet character. Then the critical values of L(I1 x n, s)
are at s =t for integers t satisfying either

{—a <t <0and (—1)' = wnn(-1)}

or
(1<t<l4aand (-1 = —-wnn(—=1)}.

Note that none of these critical values can be zero (since L(IT x n,s) # 0 for
Re(s) > 1, giving non-vanishing over Crit*; and non-vanishing over Crit~ follows
via the functional equation). In particular, the near-central values s = 0 and s = 1 of
L(IT, s) are critical if and only if wry is even.

Remark 2.5 An important example of IT satisfying our conditions is the (normalised)
symmetric square lift of a modular form f of weight k = a + 2 > 2 and character
¢r. Then we have L(I, s) = L(Sym2 f,s+a+1)and won(—1) = (—1)4, so the
above is consistent with the fact that L(Symz(f), 1) and L(Symz(f) X 8;1, k—1)
are always critical values (independent of a).

2.4.1 Galois representations

By [21], for each prime p and embedding ¢ : E —> @p, there is a Galois representation
2 W Gal(@/ Q) — GL3 (@p), uniquely determined up to semisimplification, such
that for all primes ¢ # p such that I1, is unramified, we have

det(1 — X pn, (Frob, 1)) = P¢(X)
Here Froby is an arithmetic, and hence Frob[1 a geometric, Frobenius.
Conjecturally pr, should be de Rham at p, with Hodge-Tate weights (—1 —

a,0,1 + a); and if IT), is unramified, then it should be crystalline at p, and the
eigenvalues of ¢ on Dcis(or1,.) should be («p, Bp, ¥p). More generally, even if I,
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is ramified, the Weil-Deligne representation Dps(or1,.) should be related to IT, via
the local Langlands correspondence. This conjecture is “local-global compatibility
for £ = p”; itis known if IT is essentially self-dual. None of our results will logically
rely on this conjecture, or indeed on the existence of pry ,; but it serves as important
motivation to explain why the statements are natural ones.

2.5 Rationality of L-values

Recall Proposition 2.4, and let

Crit (I ={(—j,n):0<j <a, (1)) =wan(=1)}
Critt (M) ={(j+ 1, :0<j <a, (-1) = wnn(=1)}

so L(IT x n, j') is critical if and only if (j’, n) € Crit™ (IT) U Crit™ (IT). For later use
we write Cn'tif(l'[) = {(j’, n) € Crit™(IT) : n has p-power conductor}.

If IT is a unitary RACAR of GLj3, then conjecturally it has an attached motive
My of weight 0. We note that for r € Z, the motive M(¢) should have weight
—2¢, with Hodge decomposition Hg (M (1)()) @ C = H-/—¢~L-t+atl g g—1.—1 g
H—ttat+l—1=a=1 aach summand 1-dimensional over C. This motivates the following
modified Euler factor at infinity:

Definition 2.6 If (—j, n) € Crit™ (I1), let
eoo(Too X oo, —j) =1/ Te@+1—j)=2-Qri)/ " T@+1-))
corresponding to t = —j. If (j + 1, 1) € Crit™(IT), let

TR(j+1+e€)
(=0)¢ - Tr(€ = j)

eoo(Toe X ooy j + 1) = (=) 772 . Te(@a+2+ j) -

corresponding to ¢t = j 4 1, and where € = 0 if j is odd, and € = 1 if j is even.

Remarks These factors would be denoted £ (M (— j) (1)) and £5” (M (i +1) (1))
respectively in [9, §1]). In particular, we make opposite choices of parameter (i vs. —i)
in the two critical regions; and where defined, the factors are related by a functional
equation

eoo(Tg, 1 = 1) = Yoo (Too, 1) - €00 (Mo, 1), 24
(cf. equation (6) op. cit.), where y,(—) is the usual local y -factor (defined with respect

to ).

These factors e (IToo X o, t) are the ones appearing in Conjecture 1.1. There are
partial results towards this conjecture (see [53] for an overview):

Theorem 2.7 (Mahnkopf [45, 46], Kasten—Schmidt [29]) Conjecture 1.1 holds for
n = 3 up to replacing exo(Iloo X Noo, t) with an inexplicit scalar éoo(Iog X Moo, t) €
C*.
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Note that it is not clear if the ratio (07D j¢ jndependent of 7, so we cannot
oo (Iog X 1o0,1)

simply “absorb” it by renormalising the periods ’(although this is possible for a = 0,
since then only one ¢-value can occur for each choice of sign +).

Remark 2.8 We shall recall in Sect. 3.3.1 the definition of a cohomological (Whittaker)
period O € C* associated to IT (well defined up to E ). Note (a)ﬁl, 1) € Crit*(IT),
and L(IT x wﬁl, 1) # 0 (since it is far from the centre s = % of the critical strip); then,
precisely, we take [ to be an algebraic multiple of O/ L (IT x a)lfll, 1). Analogously,
QJHF will be an algebraic multiple of ®p/L(IT x a)ﬁl, 0).

2.6 Parabolics, refinements and near-ordinarity at p

Let p be a prime, and fix an embedding ¢ : £ — @p. Consider the two maximal
parabolic subgroups
n=(3:1). n=():

For each i € {1, 2}, we can consider the normalised Jacquet module Jp, (IT,), which
is an admissible smooth representation of (GL; x GL3-;)(Q,).

Definition 2.9 Fori = 1,2, a P;-refinement of 1, is a choice of an irreducible repre-
sentation o, X 0; of (GL; xGL3_;)(Q p») appearing as a subrepresentation of Jp, (I1).

Note that ), x 01’, is a Pi-refinement of I, if and only if al’,v X a; is a P>-refinement
of H[V,. Foragiven I, and i, o [’, is determined by o, and vice versa, so we will often
specify only o,,. Accordingly, we say the P;-refinement o, x a,’) is unramified if o
is an unramified representation (but a;, may be ramified).

Definition 2.10 The slope of a P;-refinement o, is the valuation of U(wq, (p)), where
Wg,, is the central character of o}, (and we assume, by enlarging E if necessary, that
0 is defined over E).

One can check that for a RACAR IT of weight (a, 0, —a), the slope of any P;-
refinement lies in the interval [—1 — a, 1 + a] (this follows from the relation to Hecke
eigenvalues which we recall in the next section).

Definition 2.11 We say I1is P;-nearly-ordinary if I1, admits a P;-refinement of slope
exactly —1 — a. This refinement is unique if it exists. We say it is P;-ordinary if it is
P;-nearly-ordinary, and its unique nearly-ordinary P;-refinement is unramified.

Remark 2.12 Clearly, if IT, is itself unramified, then any P;-refinement of it must
be unramified. In particular, ‘nearly-ordinary’ and ‘ordinary’ are equivalent if IT, is
unramified.

Note, however, that ramified I, can still admit unramified refinements.

Example 2.13 We briefly recall the classification of generic representations of GL3,
and explain the conditions under which these are (nearly) ordinary. For simplicity, if
X is a character of @; we write v(x) = v, (t(x(p)).
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o If I, is supercuspidal, it admits no Pj-refinements or P,-refinements, and hence
is never nearly-ordinary for any parabolic.

o If [T, = St3®A is a twist of the GL3 Steinberg representation by a character
A (necessarily of finite order), then it has a unique P;-refinement and a unique
P,-refinement, both of which have slope —1. Thus IT, is nearly-ordinary for both
parabolics if a = 0 (and ordinary if XA is unramified), but for @ > 0 it is not
nearly-ordinary for either P; or P».

e If IT, is parabolically induced from a representation of GL; x GL; of the form
0 x m, where 6 is a character and 7 is supercuspidal, then its unique Pj-refinement
is 6, and its unique P,-refinement is 7. So it is Pj-nearly-ordinary if and only if
v(#) = —1 — a, whereas it is P>-nearly-ordinary if and only if v(#) = 1 + a.
It is P;-ordinary if it is Pj-nearly-ordinary and 6 is unramified, while it is never
P>-ordinary.

e If [T, is (irreducibly) induced from 6 x (St ®2), where St; is the GL; Steinberg
representation (and hence 220 = o, p)» then it has two Pj-refinements, namely
6 and | - |'/2; note that v(0) < 1 +a implies v(A| - /2y > -1 — % Thus IT, is
Pj-nearly-ordinary in either of two (mutually exclusive) cases: if v(f) = —1 —a
and a is arbitrary; or if @ = 0 and v(f) = 1. It is P;-ordinary if 6 is unramified
in the former case, and if A is unramified in the latter. (There is a similar criterion
for P,-ordinarity, which we leave to the reader.)

e If T, is an irreducible principal series representation, induced from a character
X1 X x2 X x3 of the diagonal torus, then the possible P;-refinements are exactly
the x;, and the P>-refinements are the pairs {{x1, x2}, {x2, x3}, {x3, x1}}. We can
assume without loss of generality that v(x1) < v()2) < v(x3); then I1, is Pj-
nearly-ordinary if v(x1) = —1—a, and P;-ordinary if in addition x is unramified;
it is Pr-nearly-ordinary if v(x1x2) = —1 — a, and P»-ordinary if in addition y
and x, are unramified.

Ordinarity and Galois representations

If 0, is a P;-refinement of IT,, then Il, is the unique generic constituent of
Indp (0 x ol’,) for some al’,. Via compatibility of the local Langlands correspon-
dence with parabolic induction, the Langlands parameter ¢y, has the form

¢O'p *
0 ¢0’l/) '

Assuming that the Galois representation pry , satisfies local-global compatibility at p,
this gives an i—dimensional (¢, N, GQP)-stable subspace of Dpst(pH,L|GQP) isomor-
phic to ¢,

In general this does not arise from a subrepresentation of the Galois representation,
since it may not be weakly admissible. However, the following is a straightforward
check:

Proposition 2.14 Assuming the local-global compatibility conjecture, I1, is P;-
nearly-ordinary if and only if pr,, |G@p preserves an i -dimensional subrepresentation

@ Springer



96 Page 16 0of 69 D. Loeffler, C. Williams

accounting for the i largest Hodge—Tate weights. Moreover, Dy of this subrepresen-
tation is the Langlands parameter of the unique nearly-ordinary P;-refinement. O

If the P,-refinement o, is unramified, then the Satake parameters of o), are among
the reciprocal roots of the Hecke polynomial P, (X). Thus the existence of an ordinary
(rather than nearly-ordinary) P.-refinement is equivalent to the Newton and Hodge
polygons coinciding at r, which is the “Panchishkin condition” considered in [50,
Definition 5.5].

Thus Pp-ordinarity corresponds precisely to the Panchishkin condition formulated
in [50] for the existence of a p-adic L-function interpolating the L-values L(IT x
n, —Jj), for (—j,n) € Crit,, (IT). Similarly, P>-ordinarity corresponds precisely to the
Panchishkin condition for interpolation over Crit;,r (IT).

2.7 The Coates-Perrin-Riou factor at p

Let t € Z be such that (¢, id) € Crit(I1), and let i = 1 for Crit™ and i = 2 for Crit*.
Let 0 be a P;-refinement of IT .

Remark 2.15 In Galois-theoretic terms, i is the number of Hodge—Tate weights of the
twist pr1,,(¢) which are strictly positive, and the condition that L(IT, ¢) be critical
implies that this is also the dimension of the 4-1 eigenspace for complex conjugation.
So we are choosing a subrepresentation of the Weil-Deligne representation associated
to pr1,.(t) whose dimension is equal to the number of positive Hodge—Tate weights.

Definition 2.16 Recall ¥ is the additive character of A/Q such that ¥ (x) =
exp(—2mix) for x € R. We briefly denote this by ¥ ~, and write ¢ for its inverse.
For (1, id) € Crit*(IT), we set

L(o,,t)

+ + -1 P

e (IT,, 0p,t) = o,, , 1 = .
p( psOps 1) =¥pop, ¥ ) L( pv,l e p’wpi9t)

Remark 2.17 Here y,(—) is the usual local y-factor.

Note that in the epsilon factor, we make opposite choices of additive characters for
the two critical regions; this ensures the validity of Lemma 2.18. Since the sign =+ is
determined by ¢, to avoid extraneous notation we henceforth always drop the + (and
wi) from notation (except in the proof of Lemma 2.18), and just write e,(—) and

Vp(—).

In this work we shall only consider nearly-ordinary refinements (although we hope
that the more general finite-slope case will be studied in future works); since nearly-
ordinary refinements are unique if they exist, we shall frequently omit o, from the
notation entirely, and write just e, (I, 7).

Duality

If o), x 01’7 is a P;-refinement of I, then o;,V X O’; is a P3_;)-refinement of HIV,. Our
hypotheses are symmetric underreplacing (I1, o, ¢, i) and with (I7v, al’]v, 1—1t,3—10).
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We have the following relation between the Coates—Perrin-Riou factors for the two
critical regions; compare (2.4) above.

Lemma 2.18 We have
e,,(l'[v, ol/,v, 1—1)=y,(IIp, 1) - ep(I1p, 0p, 1). 2.5)

Proof By symmetry we may suppose that (¢, id) € Crit), and i = 1, so the relation to
be proved is

(o), T 1 =07 =y, (T, ¥, 1) -y (0p, ¥, 07

Since yp((o*l’,)v, vyt 1—n~1= Yp(o),, ¥, 1), this is equivalent to the “inductivity”
property

Yp(op, ¥, 1) Vp(a;;’ Yo, 0 =y, ¥, 0).
As above, since o, x 0; embeds in Jp, (V), its associated Weil-Deligne representation
has a filtration with graded pieces o, and o;,. The result now follows from the fact that
y-factors are multiplicative in short exact sequences of Weil-Deligne representations,
whether or not the sequence is split (see e.g. [22, Corollary 4.5(ii)]). O

Twists

For 7 a Dirichlet character, we have (z,n) € Crit*(IT) if and only if (z,id) €
Crit=(IT x n). We note that if o, is a P;-refinement of I1,, then o}, x 1, is a P;-
refinement of IT, X 1,; and this refinement is nearly-ordinary if o, is.

Proposition 2.19 To prove Conjecture 1.2(i) for n = 3, it suffices to prove that it holds
for all T1 that are Pi-ordinary at p (not just Pi-nearly-ordinary).

Proof From the discussion above, if x is any p-power-conductor Dirichlet character,
Conjecture 1.2(i) holds for IT if and only if it holds for IT x x (and the measure
L, (ITx x) is the twist of L, (IT) by x). Given any I1 which is Pj-nearly-ordinary
at p, its Py-refinement o, is a smooth character of Q?, and we can evidently find a
Dirichlet character x such that x,0, is unramified; thus IT x x is Pi-ordinary at p. O

Remark 2.20 Note this reduction would not work for Conjecture 1.2(ii), or for odd
n>>5.

Example 2.21 1f o), is an unramified Pj-refinement of I, with o,(p) = a), € E*,
then for all (—j, n) € Crit;(l'[) we have
G- (p/tlap)™ cond(n) = p" > 1,
ep(“ﬁ X Mp, Tp X Np, _j) =10 -p 7l

- n=1.
(I—=play)
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2.8 Hecke operators

Leti € {1, 2} and let Np, and M p, be the unipotent radical and Levi subgroup of P;.
If K, C GL3(Z)) is any open subgroup containing Np, (Z,) and having an Iwahori
decomposition with respect to P;, then we have a normalised Hecke operator

Upi=r'[Kpm K] m=("1) m=("r )ecl@y. @6

on 1'[;( ”.The scalar p* optimally ensures U, ; preserves a Z-lattice in Betti cohomol-
ogy (see Sect. 3.2), so its eigenvalues are algebraic integers (cf. [3, Rem. 3.13]; our
Up,i would be U;’i op. cit.).

From Casselman’s canonical lifting theorem, the subspace of I'I[,,(” on which the
Hecke operator U, ; has finite slope (the sum of its generalised eigenspaces with non-
zero eigenvalues) is isomorphic to the invariants of the Jacquet module Jp, (IT) under
K, N Mp,. Moreover, the action of U, ; on this finite-slope subspace is pt! times
the action of 7; € Z(Mp,) on Jp,(IT) (the +1 comes from the modulus character).
This result originates in an unpublished note of Casselman; see [14] for an account.

Let us now consider a P;-refinement o, x ol’, satisfying the following conditions:
0p is unramified, and all irreducible constituents of Jp, (IT,) /(o) x o [’,) have different
central characters from o), x a,/,. Both of these conditions are is automatic if the p-
refinement is ordinary (since the other constituents, if any, must have strictly larger
slope), but is also satisfied in many non-ordinary cases.

Remark 2.22 This is a GL3 analogue of the “ p-regularity” condition often encountered
in GL; theorys; if IT), is principal-series and i = 1, a Pj-refinement is just a choice of
one among the three characters from which IT,, is induced, and we are assuming that
our chosen character is distinct from the other two.

Recalling Wo, is the central character of o, and letting o, = Wo, (p), it follows

. . K L .
that the U, ; = pHla p» generalised eigenspace on IT,” coincides with the actual
eigenspace, and is isomorphic to the (K, N M p,)-invariants of o}, x a]’,.

Remark 2.23 1f 1, is unramified, then its P -refinements are the unramified characters
mapping p to the Satake parameters of I1,, so our notation &, is consistent with
Sect.2.4.

2.9 P;-refined new-vectors

We now specialise to the case of an unramified P;-refinement o), x 01/7' As o) is an

unramified character, the refinement is determined by the number o), = o, (p).
For r > 0, consider the subgroup

* o+

U (p") = {g :g=1mod (;’R o )} C GL3(Z)), 2.7)

S|
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where R = max(r, 1). By construction this subgroup has an Iwahori decomposition
with respect to Pj; and its intersection the GL; factor of the Levi of Pj is the level
p” mirabolic subgroup appearing in Casselman’s GL; local new-vector theory. Hence
we have the following:

Proposition 2.24 For all sufficiently large r, there exists a vector ¢, in I1, which is

a+1

. . P . . ..
invariant underlzlg 1],) (p"), and on which U, | acts via p“* ap. The minimal such r,

denoted r (I, ap), is equal to the conductor of the GL2(Q p)-representation o ,,; and

for this r, the space of such vectors is 1-dimensional.

/.
p’

This follows from the two results of Casselman discussed above: the canonical
lifting theorem, which identifies the U, 1 = p“*lozp eigenspace with the (Z; X

Z/IEG; 2) (p"))-invariants of o, x o’ combined with the local new-vector theorem for
GL applied to 0.

We define the Pj-refined local Whittaker newvector W*» to be the unique basis
of the above 1-dimensional space in the Whittaker model of IT,, normalised to be
1 at the identity. By comparing Hecke eigenvalues (using the Hecke-equivariance of
Casselman’s lifting), we have the following formula for its values along the torus:

m-+n
Proposition 2.25 We have W% ((p P )) =0ifm < 0orn < 0, and for
1

m, n > 0 its values are given by

(m+n)
n/2 (% new n
() ()

where WIFY is the normalised new-vector of the GL2(Q),)-representation 07/7'
P

2.10 Ordinarity for unramified primes

We briefly explain what the above definitions give in the (important!) special case when
I1, is unramified. The parabolics P; correspond to two normalised Hecke operators
in the spherical Hecke algebra (cf. (2.6))

Tp1 = p* [GL3(Zp) 11 GL3(Zp)].,  Tp2 = p*[GL3(Zp) 72 GL3(Zp)]. (2.8)

for 7; as in (2.6). Let a,, ; (IT) be the eigenvalue of 7, ; on HgL3(Z”); as in Sect. 2.8,

these are algebraic integers. Recall the Satake parameters «p,, 8, and y, from Sect. 2.4;
we have

ap (I = p“ Moy + By + ). apa(TD) = p* By + Bovp + Vptp).
Moreover, ap 2 = wn(p) - ap,1. From these formulae, the following is immediate:

Lemma 2.26 I1, is P;-ordinary (with respect to 1) if the eigenvalue ap ;(I1) of T ;
acting on I1,, is a p-adic unit. O
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Hence, if we order the Satake parameters so that v, (a,) < vp(8p) < vp(¥p), then
1, is Pi-ordinary if and only if v,(ap) = —1 — a (the smallest possible value), in
which case the unique ordinary Pj-refinementis o, x ol’,, where o0, is the unramified
character with 0,(p) = a, and 01’, is the unramified GL,-representation with Satake
parameters {8, ¥p}.

On the other hand, IT, is P,-ordinary if and only if v,(y,) = 1 + a (the largest
possible), and if so its unique ordinary P>-refinementis o), x crl’,, where 0, has Satake
parameters {«, B} and o, is the unramified character p > y).

Remark 2.27 Note that P;-ordinarity and P,-ordinarity are equivalent for essentially
self-dual representations (of prime-to-p level), but not for general RACARs. Explicit
examples which are Pj-ordinary but not P»-ordinary can be found in the computations
of [15].

In this unramified setting, the quantity (I, ) of Proposition 2.24 is 0, and the

corresponding group Ugilj)(l) is the parahoric subgroup associated to Pj; so the P;-

refined new vector is simply the unique normalised (U1 = pit!

the parahoric invariants of IT,.

ap)-eigenvector in

3 Symmetric spaces and Betti cohomology
3.1 Symmetric spaces

For any split reductive group J over QQ, we define a symmetric space for J by H; =
J(R)/K ; Oon’ oo» Where (—)° denotes the identity component, K7,  is a maximal
compact subgroup of J(R), and Z, = Z;(R). For a neat open compact subgroup
U cC J(Ay), we define

Y/ U = J@QN\[J (Ap) /U x Hy].

Note that for J/ = GL,,, the components of Y7/ ) are indexed by the double quotient
YOl (det ) = Q\AX/ det@UHRX ) = Z" / detl).

Each component of Y/ (1) is the quotient of H¢ by an arithmetic subgroup of SL,, (Q).

Note Hgr, is the union of two copies of the complex upper half-plane, and has
dimension 2 as a real manifold; while Hgr, is a 5-dimensional real manifold, again
with two components.

Remark 3.1 Our conventions match the usual ones for modular curves when J =
GL(2). However, note that some papers (such as [20]) use the slightly different quotient
J(QN\J(A)/UKZS,. For example, if J = GL(2) and U = {(?‘)T) mod N}, our
Y7 (U) is the usual modular curve Y (N), while the space considered in [20] is the
quotient of Y1(/N) by an anti-holomorphic involution.
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3.2 Betti cohomology and Hecke operators

Let J,U be as above. Given an algebraic representation V of J (over QQ), we have
three possible constructions of local systems on Y' W:

e alocal system 7y of Q-vector spaces, given by the locally constant sections of the
projection

TQ\[(J(Ap) x Hy) x VQ]/uU — Y @,

with action y - [(g, 2), v]-u = [(ygu, ¥z), y - v]. (The functor V — ¥ is Pink’s
“canonical construction” functor, [51]).
e alocal system ¥4, of R-vector spaces, given by the locally constant sections of

TQ\[(J(Ap) x TR)) x VR /UK o Z5 o = Y W),

with action y - [(g, 2), v] - ukooZoo = [(¥ g1, ¥2), (kooZoo) ™" - V]
e alocal system of Q ,-vector spaces ¥, for any finite prime p, given by the locally
constant sections of

TQ\[(J(Ap) x Hy) x V(@Qp)]/U— Y W), (3.1)

with action y[(g, 2), vlu = [(ygu, yz), u}," - vl.

If i/ C U, then the formation of ¥ is compatible with the natural projection map
Y/ U — Y’ (U),and we get natural maps H* (Y7 (U), #5) — H* (Y’ (L), #5), where
H* denotes Betti cohomology. We write

H* (Y7, %) = limH (Y @), %)
u

where U varies over open compact subgroups of J(A¢). This direct limit is natu-
rally a representation of J(A¢), and H* (Y7 (1), #3) = H*(Y”/, #3)Y. We have direct
analogues of these statements for compactly-supported cohomology H¢.

It is standard that there are canonical isomorphisms of local systems

T ®Q, =), Yo QR = Y. 3.2)

For instance, the first of these two is given on sections by [(g, z), v] — [(g, 2), g;‘ -v].
Details on all of this can be found in [60, §1.2].

The Betti cohomology of Y’ (i) is equipped with a natural action of the Hecke
algebra C[U\GL3(A¢)/U]. The isomorphisms on cohomology groups induced by the
isomorphisms (3.2) of local systems are all equivariant under the Hecke operators [60,
§1.2].

For later use, we describe the Pj-Hecke operator at p in more detail. Let U =
Z/{(”)Z/{P C GL3(Af) be an open compact subgroup, with {{, admitting an Iwahori
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decomposition relative to P;, with notation as in Sect.2.8. Recall 7; from (2.6); for
ease of notation, we set T := 71. Then we have maps

pr Zﬁd/{r

YL ) 4 vy n ) - Y lur N

prflumu

4, yGls ),

where the middle map is induced by right-translation of 7 on GL3(A¢) and the out-
side maps are the natural projection maps. Passing from left-to-right and right-to-left
respectively, we get associated (normalised) Hecke operators

U/ = P (prllﬂtZ/{r’l) 0Ty 0 (pr Z/{rﬂll) ,
%

Upt = p* - (pr lumu) ot* o (prumufl) ’
%

on the cohomology H;(YGL3 U), 15), for x = & or ¢ and ¥, as in Sect.3.2. As in
(2.8), the scalars p“ are for integral normalisation. The operators U, 1 and U 1/7)1 are
adjoint to each other under Poincaré duality, as we make precise in Sect. 3.4.

We also define ordinary projectors eod,1 = limp—oo U[’,lfl and eérd’l =

im0 (U, )™ by definition, U, ; is invertible on the image of €ord, -

3.3 Automorphic cohomology classes
Let IT be a RACAR of GL3(A). We now realise IT in the compactly-supported Betti
cohomology of Y63, Let ¢/ ¢ GL3 be any neat open compact subgroup such that

Hu # 0, and write 7, VQ for the Q-local system attached to V,'. Via the cuspidal

cohomology, and the natural map Hg, — Hg of [8, p.123], there is an injection

HE (g, K3 o0t Moo @ VY (©) @ Wy (Tt e He (YO @), %4,(0))

compatible with the Hecke action of C[U/\GL3(Af)/U]. Via the choice of ¢ from
(2.2), this yields a map

ol - W — B2 (Y9 @), %,5(©)). (33)

The Q-local systems, and (3.3), are compatible with varying U/, giving a GL3(Ay)-
equivariant map

gn s WD) — H2 (YO, 75(©)) = lim B2 (YO @), %,75(©) . (4)
u

We shall denote the image of this map by Hg(l‘[, C).
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3.3.1 Periods and rationality

The representation H2(Y GL3 A v (C)) has a natural Q-structure given by the coho-
mology of 7", (Q) Since the complex representation is admissible and contains I1¢
with multlphclty 1, it follows that there is a number field E, the field of definition of
I1, such that the E-linear representation

HA(I1, E) = HA(I1, C) N H? (YGL3, KYQ(E))

is non-zero and gives an E-structure on Hg(l’[, C). (This is the same field E as from
Sect.2.4. By the strong multiplicity one theorem for GL3, we may take E to be the
field generated by the Hecke eigenvalues of I1 at the unramified primes, although we
shall not need this.)

From the uniqueness of Whittaker models, WW(I1) also has a canonical E-structure
W(I1;, E), given by the functions W € W(I1y) which take values in E Qab and satisfy

2
W) =W <<K(") € ) g) forall 0 € Gal(EQ™/E),

where « : Gal((@ab /Q) — 7> is the cyclotomic character. By [8, Prop. 3.1], there
exists O € C* such that

én (I, E)) = Op - HA(T1, E).

Remark 3.2 Having fixed {0, the period ®pj is uniquely determined modulo E*. We
may, however, rescale {, by an arbitrary non-zero complex scalar, which then also
rescales Opy.

Note that for GL, with n odd, we obtain only a single Whittaker period, since
(2.1) is 1-dimensional. This differs from the case of GL,, for n even, where (2.1) is
2-dimensional and there are two Whittaker periods (one for each choice of sign at 0o).

3.3.2 Integral lattices

Let V/l’ be an algebraic representation of a split reductive group J, with highest weight
vector vy, € VMJ . An admissible lattice is a lattice L C V), such that: (1) the map
J)p — GL(V,) extends to a map of Z-group schemes J;z — GL(L), and (2) the
intersection of the highest weight space in V), with Lis Z - v,.

The set of admissible lattices in VHJ (for a fixed choice of v,) is finite (cf. [40,
§4.2]), and there are uniquely-determined maximal and minimal admissible lattices.
Since the quotient of these two lattices is a finite abelian group, the base-extensions
to Z, of these two lattices coincide for all sufficiently large p (depending on u); for
instance, if J = SL,, then the minimal and maximal lattices in the k-th symmetric
power of the standard representation coincide over Z,, for all p > k.

We adopt the convenient (but somewhat misleading) notation that Vl? ]iz denotes

the minimal such lattice in VMG L2 whilst V)\G 23 denotes the maximal such lattice in
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Vf L3 This ensures that under the branching laws of the next section, V*Géz is always

mapped into V*G%‘ 3

3.3.3 Integral structures on cohomology
Now let p be a prime, and v | p a prime of E. Completing E at v, we may consider
on OV, E))/On C HI (YO, 4,70 (Ey)).

Note as above that %, (Ey) = ;" (Ey) on Y913 ). We can define an integral
version using the lattice Vj z above (or, more properly, the analogue V)\V’Z, which can
be described similarly); the OF ,-points Vj 7z(OE ) of this representation carry an
action of GL3(Z,), so we get an associated local system 7/)\\,/17(05’”) of Z,-modules
(defined exactly as in (3.1)), and where we henceforth drop the Z for convenience.

Then, for any level I/, the space Hg (Y GLs (1), 7//\\,/;;(0 E,v)) is a finitely-generated
OE »-module; and the quotient of this module by its torsion subgroup is an Of ,-lattice
in B2 (Y61 @0, 1Y, (E)).

For any finite subset {W;} C W(Il, E), any open compact U/ stabilizing all the W;,
and any finite extension L/Q,, into which E embeds, we have classes

or(Wi)/On e HA (Y W), 7Y (L)), (3.5)

depending on the choices of ¢, (determined up to C*) and the period ®p (which,
given the choice of ¢, is determined up to E*). Via the embedding ¢, we
may further rescale ®p to ensure all the ¢ (W;)/®p take values in the lattice
H2(YCL3 ), #,Y(Or))/{torsion}. Such a normalisation depends on {W;}.

Remark 3.3 Henceforth we fix a choice of a finite extension L/Q,, and an embedding
t : E — L (factoring through E, for some prime v | p), and only use the local systems
”f/)xp (L) or “I/)pr (Op) constructed from the action of GL3(Z,). To ease notation we

will typically drop the subscript p and write 7" .

3.4 The cup product pairing

Let U = UPU » C GL3(Ar) be a neat open compact subgroup and let R be a Z -
algebra. There is a (perfect) Poincaré duality pairing

CH(YOB @, Y (R) - HAYOL W), #4(R))
: X —
(torsion) (torsion)

(= —u R (3.6)
given by composing cup product, the natural pairing V,"(R) ® Vi(R) — R, and
integration over the smooth (5-dimensional) real manifold YL@ If N p(Zy) C U,
and U, has an Iwahori decomposition with respect to Py, then from Sect. 3.2 we have
Hecke operators Up,1 and U, | acting on H2 (YO U), #.(R)), where * € {@,c}.
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Note that under Poincaré duality, pullback is adjoint to pushforward; thus the operator
Up.1 (acting on either factor) is adjoint to U ;,1 (acting on the other factor) under

<_’ _>U'
4 The subgroup H

Definition 4.1 Let H = GL, x GLj, and let¢ : H — GL3 be the embedding

b
[(25). 2] — (¥d_)- (“.1)
Z
Definition 4.2 Let vy, v, : H — GL; be the homomorphisms given by

d
vy, =% w0 ==z

Note (v1, v2) gives an isomorphism H/H der ~ GL; x GL4 (this parametrisation
of H/HY%" may seem slightly unnatural, but will give us nicer formulae later), and
detot = vlv%.

4.1 Symmetric spaces

It is important to note that the embedding ¢ : H — GL3 does not induce a map on
symmetric spaces, since the inclusion Zgy, C (Zy) is strict. To transfer cohomology
classes from Y# to YOL3 we instead define

Hi = HR)/ (Koo 7 (Z80))
which maps naturally to both Hy and Hg. If U/ C H(Ar) is open compact, let
PR = H@\ [Houx "), “2)
For any open compact ¥V C GL3(A¢), we then have a diagram of maps
YREWNnH) « YHOVNH) S Y%, 4.3)

where the right-hand map is induced by ¢. Pulling back under the leftward arrow and
pushing forward under the rightward arrow gives a map from the cohomology Y ¥ to
that of YL,

If V is small enough, the left arrow is a fibre bundle with fibres isomorphic to
Z;’i@o/t_1 (Z%’oo) = R. The spaces Y (resp. YH) have dimension 2 (resp. 3) as real
manifolds. ~

We get local systems on the modified spaces Y # (1) from (4.2), defined identically
to Sect. 3.2.
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4.2 Branching laws

Note V(r . t) = 5’13 ® V(?)L‘ is the H-representation of highest weight ((* ), z) —
x"oyS -z We let VH rosin)Z denote the minimal admissible lattice in V(r i) The

followmg is equlvalent to the well-known branching law from GL3 to GL;, e.g. [19,

§8].
Proposition 4.3 Let A = (a, 0, —a). The restriction of V, to H (embedded via () is

given by
cvE POV

0<i,j<a

For such A, we shall fix choices of non-zero morphisms of H-representations over

Q
bl v = (W)

for. (?ach j as above. Note V( 0=y = Vi0.—j:0) ® llvill, hence our choice yields a
pairing

(= gt VY X VG2 = Gar (o) e p(br (] @ v e 1) (44)

As in [40, Prop 4.3.5], brl® /] maps the (minimal) admissible lattice V 0. j)z into
the (maximal) admissible lattice V;, 7. Thus the pairing (—, —)4, ; also makes sense
integrally.

5 Eisenstein series and classes for GL,

We recall the theory of Eisenstein series and classes attached to adelic Schwartz
functions. In particular, we recall the motivic Eisenstein classes of Beilinson (see e.g.
[40, §7]) and describe their Betti realisations via adelic Eisenstein series. In this section
all symmetric spaces will be for GL,, so we write simply Y () (resp. Y) for Y2 (1)
(resp. YOL2),

If j > 0, recall V denotes the GL,-representation of highest weight (0, —j).
Similarly, in this sectlon only we will drop the superscript and denote this simply
Vo.-j-

GL2

5.1 Schwartz functions

Forafield K /Q, write S(Af, K) for the Schwartz space of locally-constant, compactly-
supported functions on Af with values in K, and SO(A%, K) for the subspace of
with ®(0,0) = 0. We also let S(Rz, K) be the usual space of Schwartz functions
on R?, write So(R?, K) for the subspace with ®(0,0) = 0, and let S(A%, K) =
S(A%, K) x S(R?, K) (and similarly for Sp (A2, K)). We will make specific choices
at infinity, depending on an integer j > 0, and use the notation S (A%, K) to mean
“So(A%, K) if j = 0 or S(AZ, K) otherwise”.
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Let x be a Dirichlet character, corresponding to a finite-order Hecke character x.
If & € S(AZ, K), let R, (®r) € S(A%, K (X)) be its projection to the ¥~ !-isotypical
component, given by

Ry (Pr)(x,y) = / _, X(@) ®¢(ax,ay) d*a. (5.1

aeZ

We emphasise that this is a projection operator, not a twisting operator: if i, xo are
distinct primitive Dirichlet characters, then Ry, Ry, (®r) = 0.

5.2 Eisenstein series

We now review some standard definitions of Eisenstein series from Schwartz functions,
both adelically and classically, and relate these definitions.

5.2.1 Adelic Eisenstein series

Let ® = ®y - &r € S(A%, C) and ¥ : Q*\A* — C* be a Hecke character. For
g € GL(A) and N(s) > 0 we define a Godement-Siegel section

folg: %o 5) = Il det gl /A (0. @) x@lal® d*a. (5:2)

This admits meromorphic continuation to C and gives an element of the family of
GL,-principal series representations /(]| - 15=Y2, 271 - 17511/2), that is, we have

fo (“5) g% s) = 7N @la/d )’ faol(g: T ).

It thus defines an element of C*°(B(Q)\GL2(A), C), for B, C GL; the upper-
triangular Borel. Define (cf. [25, §19])

Eo(g: X, 9) = > fo(yg: X, s, (5.3)
y€B2(Q\GL2(Q)

which converges absolutely and locally uniformly on some right half-plane (for X(s) >
1if ¥ is unitary), defining a function on the quotient GL; (Q)\GL5 (A) that transforms

under the centre by ¥ . It has meromorphic continuation in s, analytic if ®(0, 0) =
®(0, 0) = 0 or if ¥ is ramified at some finite place.

5.2.2 Classical Eisenstein series

We now introduce classical Eisenstein series.
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Definition 5.1 (i) If & € So)(A7, K) and j > 0, define

Jj+2

T(s + 12) 5 Dp(m,n)y’" 2

. e mt 4+ n)/t2|mr 4+ n|2s—i=2’
(=2mi)I 20772 (m,n)eQ?\(0,0) ( ) |

Eétz(r; §) =

where s € C and v € HgL,. This is a classical real-analytic weight j + 2
Eisenstein series.
(i) We extend this to a function on GL;(Af) x H by setting

j+2 j+2
Eap (g1, T58) = E 4, (T3 9).

(iii) Finally, for a Dirichlet character x we also define

j+2 j+2 j+2 j+2
Egy (T X.9) = E (o (Ti9), Eg (8. Ti X, 8) = Ep (4 (88, T3 9).

We write Eé—rz for each of these functions, but it will be clear from context which
WEe use.

Remarks The function defined in (i) is denoted EV*2%0)(7; ) in [37, Def. 7.1]. These
series always converge absolutely for 5(s) > 1 unless j = 0 and y is trivial, and even
in this case they converge absolutely if ©(0,0) = 0.

One has the functional equation 5&;2@; s) = gg-z(t; 1 — ), where 6f is the
Fourier transform (normalised as in [37, §8.1]); this explfains the compatibility between
our conv_entions and those of [40, §7]. The definition in (ii) ensures the association
Of > S{;z equivariant under GL; (Ay).

Via the standard procedure (see [61, §I]), we now extend 5‘(’;2 to a functionon g =
gr8€c € GLy(A). By Iwasawa decomposition, goc € GL3(R) can be written uniquely
in the form (¢, ) (§7) (6), where z € R* and r(8) = ( %7, 5n9) € SO (R). Then
we define

EF2 (=i x. =) 1 GLa(A) x C — C, (5.4)
it

(8.5) > Koo' (@) - | det(goo) ™ - ¥ 2 - expli(j +2)01- E5F (gr. x +iyi 1. 9).

This yields an automorphic formon GLy(A):the y 2 and e/ U+2? are always present

in extending from Hgr, to GL,(R) [61], the S(\O’O] (z) ensures the central character is
correct, and | det(g~o)|~* ensures 5{;{2 factors through GL2(Q)\GL7(A).

5.2.3 Comparison of classical and adelic
At infinity, for j > 0 we shall henceforth take
j+2

Do = DL (x, y) =271 (x +iy) TP exp(—m (x* + y?)). (5.5)
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For this choice, by [37, Prop. 10.1] we have:
Proposition5.2 If & = CIDQ2 - dr € S(Az, C), for some j > 0 and ®¢ € S(A%, O),

and x is a Dirichlet character, then the adelic and classical Eisenstein series are
related by

yxy .~ J+2 s j+2 .
Ecp(gf(m);x,s):y 2 || detgrll® - £ (gf,x+ty;x,s)
for g € GLy(Ar) and x + iy € HqgL,.

Corollary 5.3 When &, = @é;rz,forg € GL2(A) we have
~ 42
Eo(g; X, 5) = || det(@) ' Epr (g5 X, ).
Proof We have Eq(gr(0), X,s) = Ut Eq (g, X, 5) (cf. [6, §3,(7.35)]); and Eg

left-translates as X! (z) under (*,) € GL(R). The result follows from Proposi-
tion 5.2. O

5.2.4 The special values = —j/2

We shall be chiefly interested in the special value s = —j /2 (cf. Theorem 5.5 below).
Classically, this has the particularly nice form

: : G+ D! D¢ (m, n)
(‘:j+2 T, _i = = —.,
& ( 2) (_27”')]+2 Z (mt + n)Ji+2

(m,n)€Q*\(0,0)

where &Sf is the Fourier transform of ®s. This function is denoted F éjz in [40]. Passing
to the adeles, this motivates the definitions

5{;{2 :GLy(A) — C, gr+— Eﬂ;:z(g; —%),

EGY L GLaA) — €, g — (g x. D). (5.6)

f
Via Corollary 5.3, we are led to also consider
E{P7:GLa() — €, g | detglPEe (g:7.-4) . D)
Then by Corollary 5.3, we have

eGP (9) = L (9). (5.8)
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Remark 5.4 The functions Eé;:z’x () =E é—:z’x (g) depend GL (Af)-equivariantly on
® and transform as elements of the global principal series representation

1 .1 1
L@ = 1117230711072 = @ 1. (5.9)

V<00

Note I;()) is irreducible if j > 0. For j = 0 it does not even have finite length, since
infinitely many of the local factors I()) are reducible.

5.3 Betti-Eisenstein classes

5.3.1 Local systems and realisation maps

Betti local systems: For j > 0, we let Yo ;) = 7/(0G,E2j) denote the local system
on the GL, symmetric space associated to the GL,-representation V(o _ ;) of highest
weight (0, —j). Note that if a € Q.., ((“) 2) acts on H! (Y, Y0,-j)) as multiplication
bya~/.

De Rham local systems: To compare our (Betti)-Eisenstein classes to the classical
Eisenstein classes of Harder, we go through a comparison to de Rham cohomology.
The local system #(g, — j,(C) comprises the flat sections of a vector bundle ¥(o, — ;) ar
with respect to the Gauss—Manin connection (see [51, §1.18]). This is defined over Q,
and we have a comparison isomorphism

Co.ar : H' (YU, Y0,—H(Q) ®g C = Hig (YU, Y0,—j).ar) ®@ C.  (5.10)

The pullback of %o, j).dr to the upper half-plane is Sym’/ ® det™/ of the relative
de Rham cohomology of C/(Z + tZ), so has a canonical section (27i dz)®/ forz a
co-ordinate on C.

Motivic local systems: Our Betti—Eisenstein classes will be the Betti realisation
of Beilinson’s motivic Eisenstein classes. For any level U, there is a relative Chow
motive ¥(o,— j),mot(Q) over Y () attached to the representation V(o _ ;) of GL2/Q;
this gives a coefficient system for motivic cohomology. Moreover, the Chow motive
has a GL, (Af)-equivariant structure, so its cohomology has a natural Hecke action.

Then we have realisations
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B+ Hyo (YD, Yo, jy.mor(D) —> H' (YW, Yo.—(@(D))
= H' (YU, Y0,-) (@),
TdR : Hrlnot (Y(Z/[), qf/(O,fj),mot(l)) — HcliR (Y(U), V(O»*J.)de) .

Base-changing to C-coefficients, these are related by
Cparors = Qi)™ rgr (5.11)

(see e.g. [33, §2.2] or [41, pf. of Prop. 5.2], noting T;(j + 1) op. cit. is Yo —j(1)
here).

5.3.2 Betti-Eisenstein classes

The main input in our construction is Beflinson’s family of motivic Eisenstein classes
[4], which we briefly summarise (cf. [40, Thm. 7.2.2]).

Theorem 5.5 (Beilinson) For any j > 0, and any level U, there is a canonical
GL (A¢)-equivariant map, the motivic Eisenstein symbol,

Soy(AF. QY — HY o (YU, Yo, - jrmor(D) . @r > Eish o, o .

compatible with Hecke operators and changing U, such that the pullback to the upper
half-plane of rqr (Eisrjnot’ o) i the differential form —5{;2 (t; — %) -2nidz)® 2widr
(cf. Sect. 5.3.1).

Corollary 5.6 For any j > 0, and any level U, there is a canonical GLy(Ayf)-
equivariant map, the Betti-Eisenstein symbol,

So/(AF. QY — H' (YW, Y0—)(@),  ®s > Eis) = rp(Eis)o, o).

compatible with Hecke operators and changing U, such that Cg 4r (Eiséf) is the dif-
ferential form —5étz(g) -(d2)®/ - dt on Y ().

Proof By (5.11), the pullback to the upper half-plane of Cg _4r (Eisér) is —Eé—rz(r s — %).

(dz)®J - dr. The extension of 5{;2 to GL2(Af) x H in Definition 5.1(ii) is the unique
one preserving GL, (Af)-equivariance, and the further extension of this to GLy(A) in
(5.4) is the unique one that is automorphic; it follows that the extension of the differ-
; L ! X A o ;
ential to Y (U) has form —5&:: (g —%) ® (dz)! ® dr. But Sﬂl:fr (g) = ngr (& -5
by definition. O
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5.3.3 Integrality

In general these Eisenstein symbols do not take values in the integral cohomology.
However, we can work around this as follows. Let ¢ > 1 be coprime to 6, and let
U be a level of the form U x Hf\c GL,(Z¢). We write CS(A%, 7)) for the Z-valued

Schwartz functions of the form dDEC) X ]_[[‘ . ch(Z%), and similarly .S (A%, 7).

Theorem 5.7 There exist homomorphisms
Sy (AF. 2 > H' (YWU), Yo, j(Z)).  ®p > Eis}, .

compatible with Hecke operators and changing U, such that after base-extending to
Q we have

do (2 —Jj(coy 1\ gid
CE]S(I)f—(C —c (Oc) )Els(bf

0

c

c)).

where (8 ) is understood as an element of GLZ(Ag

5.3.4 p-adic interpolation

Let us now fix a prime p, an open compact U?) C GLQ(AEP )), and a prime-to-p
Schwartz function &) ¢ S(AEP ) , Z)“(p). We suppose c is coprime to p, and that I/
and ®P) are unramified at the primes dividing c. After tensoring with Z p» We can take
the local systems “V(glf/) (and the class cEisé,f) to have Z,-coefficients.

Fort > 0, let &, = ch[(0, 1) + p’Zf,], a Schwartz function at p. The Schwartz

functions ®¢ ; = W) . @, for t > 1, are stable under the group U, (phH = U .
{(3 1) mod p'}, and compatible with the trace maps for varying ¢. Extending from Z-
to Z p-coefficients, we obtain an Eisenstein-Iwasawa class

€Low = (Eisg, )i € imH' (Y U1 (p")), Zp) = Hyy, (Y (p™)), Zp) -
t

As explained in [40, §9.1], there are natural “moment” maps
mom; : Hi,, (YW (p™)). Z,) — H' (YW (p). Y0 j)(Zp))
foreach j > Oand ¢ > 0; and if # > 1, we have
mom,j (CEI¢(p>) = Eiséfv[ .

This is true by definition for j = 0; that it also holds for j > 0is a deep theorem due to
Kings. There is a similar statement for ¢ = 0, but we need to replace the group U (p")
with the GL, Iwahori subgroup Uy (p). All of the above structures are compatible with

the action of GLz(Aﬁp N,
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Note that the Iwasawa cohomology group containing .£Z4» is a module over
the Iwasawa algebra A = Z,, [[Z;]], and the moment map mom',j factors through the
quotient where (1 + p'Zp)* acts via x — x/. If ®P) belongs to the ¥-eigenspace
for the action of the centre, for some Dirichlet character x of prime-to-p conductor
(taking values in a finite extension O of Z ), then the element

. —1
ET g = (c2 — X(c)) ® Ty € Hl, ® Frac(A)

is independent of ¢, where j is the universal character Z; < A*.In particular, if x
is non-trivial, then we can choose ¢ so that the above factor is invertible in A ® Q p>
and hence define £Z 4, as an element of HllW ®z, Q,. (We can even work integrally
if x # 1 (mod p)).

6 Constructing the measure

We fix henceforth a prime p, allowing p = 2. We now construct a p-adic measure
interpolating pushforwards (to GL3) of Betti—Eisenstein classes. For this, we use the
norm compatibility of these classes to systematically control their denominators after
pushforward. Crucially, the measure we construct will be valued in the dual to degree
2 compactly supported cohomology for GL3.

Notation 6.1 We work with a fixed RACAR IT in mind, of weight > = (a, 0, —a),
with a € Zx¢. Our p-adic L-function will interpolate the critical L-values in the left
half Crit, (IT) of the critical strip. This will correspond to privileging the parabolic
Py C GLj3, with associated Hecke operator U, 1, and considering P;-refinements as
in Sect.2.6. Let o), be a Pj-refinement of IT; via Proposition 2.19, replacing IT by a
character twist if necessary, we may suppose that o, is unramified. Our local level at
p will be

Uy = U™ (p" M) € GL3(Z)) (6.1)

(see (2.7), for r(IT, ap) as in Proposition 2.24, recalling ct, = 7, (p)).
Let ®W) ¢ S(Aﬁp)’z, 7). We fix a tame level U?) C GL3 (At(f))) such that P is

fixed by P’ N H. We also fix an integer ¢ > 1 coprime to 6p and to the levels of /”)
and ®P). Let U = u<P>up, which — up to shrinking /(") — we may assume is neat.

6.1 Definition of the classes

6.1.1 Branching laws and Eisenstein classes

Recall H = GLy x GL;. For numerology purposes, our pushforward maps will be
from Y to YOL3, 50 we now transfer our Eisenstein classes from Y2 to Y. If
U c H(Ay) is open compact, we have a natural composition

praL, : YU — v Uy — YO nGLy),
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where the first map is from (4.3) and the second map is induced by projection H —
GL;. Pullback gives a map

.yl G GL 1 (S
pré, H' (YO, A5 ) — W (TR, Al ).

For appropriate " we freely identify CEisé>f with its image under this map.
Let j € Z with 0 < j < a. Recall the characters vy, v, on H from Definition 4.2.
We have an isomorphism

H J ~ H
Vo.—j:0 @ Ivill = V(G o.— )

of H-representations. Passing this twist outside the cohomology inverts it, so for
appropriate 2/ we may thus consider

o (Bish,) = cEish, @ vy /|l e’ (P @), 7o) ) [Iv71]
~ 1l (VH 7 /H H
=H! (P, 7l )
Recall the morphisms brl®/1 : V(IJ?' 0._jy = (V1) defined in Sect.4.2. We may

(and do) suppose that these are integrzilfy defined, and pushing forward we obtain an
H (Ar)-equivariant map

bel /s B (T @), oy @) — B (T U, 7,2,
6.1.2 Towers of level groups

We now pushforward under ¢. Let r = r(I1, ) from Proposition 2.24.
Definition 6.2 For n > 1, let U, denote the group
U x {g € GL3(Zp) : g = 1 mod ( :r[lr [%)}

ppp

1
Write u for the element (1(1)(1)) ( 1 —1) € GL3(Zp).

We shall let + > max(n, r) and consider the morphism
e YU (0" N ulhyu™") = YO ity = Y U,),

where
uf! (= (U 0 HAP)) > ((§7) %) mod p')

Proposition 6.3 Ift > max(n, r), then Uf{(p’) N uldyu™" consists of all ((? Z) ,2) €
U (p*) with b = 0 mod p", a = z mod p". Its index in U (p') is p**~1(p — 1).
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Proof Let g = (2 c i) F G H I € U, Then suppose there exists
((£3).2) €U’ (p") with

b A+D —(C+F) (B+E)—(A+D)
<a0 ) 000 zzt((z )c d,z):ugu_1=<—G 1 G—H )
c d D —F —D+E

ThenD=F =0,s0b=—(C+ F)=—-C=0 (mod p"),andz=—-D+ E =E.
Moreover (B + E) — (A+ D) =0 impliesa = A+ D = A = E = z (mod p"),
as required. Since ¢ > r, the congruence conditions mod p” satisfied by G, H and 1
in the definition of f, impose no further restrictions on ¢ = 0 (mod p’) and d =
1 (mod p! ) The restrictions on b and z introduce p” and p"~!(p — 1) to the index
respectively. O

6.1.3 Construction at fixed level n

Recall the map v = (vy,vp) : H — GL; x GL given by (y,z) — (de¥,z). By

Proposition 6.3, we have vi(h,) =1 (mod p") forall h € Z/IIH (p") Nuldyu=". Thus
v1 induces a locally constant map

Vi TH (L[fl(pl) n uZ/{nu_1> o A= (T PN, (6.2)

Remark 6.4 Here we have identified A, with a quotient of Q*\A*, in such a way
that a uniformiser at a prime £ # p in A{ is mapped to £ mod p”. This is consistent
with our convention for Dirichlet characters elsewhere in the text (but its restriction
to Z; C A is the inverse of the obvious reduction map).

Composing with the canonical map A, — Z,[A,]*, § — [8], we obtain a locally
constant function [vy ;)] on Y (U (p*) Nutd,u=") with values in the group ring
Zp[Ay), ie. an element of HO (Y# (U (p") Nulhyu™") , Zp) @2z, Zp[An).

Notation 6.5 For technical reasons (see Proposition 6.13), we introduce a second
auxiliary character. Let 7, be an even Dirichlet character of prime-to-p conductor,
which (for notational convenience) we suppose to be Z,-valued. Shrinking uw if
necessary, we may suppose U (p') N uldy,u=" C ker(7), and thus regard 72 o v3 as

aclass in HO (Y# (U (p") N ulhu™") , Z,).
Definition 6.6 For any r > max(n, r), we define
AP pP)y = pan [(L,,,,,* obrl®/lotw; ) ® 1] (C Eis}y  Ulvi o] U (73 vz))

e 0 (YO @), 14.2p)) @, ZplAnl.

Let zLa’j] (—) e H? (YGL3 Uy), %(Qp)) ®z, ZplAn] be the analogue defined instead

using Eisé}, (without the ¢ factor).
f
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These classes are independent of ¢ for ¢ > max(n, r), since the maps ¢, ; for varying
t are compatible with the natural trace maps. The normalisation term p~%" will later
ensure compatibility with the normalised Hecke operator U, 1 (see (2.6)).

Remark 6.7 Philosophically, this process formally ‘spreads out’ the cohomology over
(unions of) connected components. More precisely, let D = cond(1,). Then we have
a map

Vi X vap  TH (u{f(pl) n uUanl) — A % (Z) D)%,
and _ _
yH (U{{(p’)ﬂuunufl) = |_| Yxlfy,
(.)€ An x(Z/ D)

where )N’x”iy = [V],(n) X \12,1)]’1 (x, y) is a union of connected components. Let iy y :
)Z{i, s YH (' (p") N utdyu=") be the inclusion. Then

Eish UvwlU@fov) =Y. ( Yo mo-il, (cEis{;f.,))@[x]

XEA, ye(Z/D)*
Our chief interest is in a modified version of these classes.

Definition 6.8 Let 7 := 71 € GL3(Z,) from (2.6), and let

*

Y, :=r_"Unr"=U(p)x{geGLg(Zp):g=1m0d< phox )}
P

Translation by =" gives amap Y6 (U,) — Y°(V,). Crucially, V, C U, from (6.1).
We use this to define a pushforward map (z"), on cohomology with coefficients in
., scaling by p“ (as in our definition of Hecke operators) in order to obtain a map on
the integral lattices 73 (Z).

Definition 6.9 We set
&) = [ @1] (2 (5)) e BT W), K.(Z) 8z, ZylAn)
Similarly, define g,E‘”' ](—) (with Q p coefficients) to be the analogue using zE,a’j ](—).
The dependence on ¢ € Z is given by
LNUP, O = (2 =T~ @ ) -6 (U, o), (6.3)

where [c] is the class of ¢ in A, = (Z/p™)*, and (c) denotes pullback by
diag(c, ¢, 0)"! € Zg(@Z).
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6.1.4 Summary

The following diagram summarises the construction of Cs,E“’f 1. For notational conve-
nience, we write Z/{,f[ = Uf’ (p™) Nuldyu=".

(Eisj € H' (YGLZ U1 NGL,), ﬂg%i)(zp)) (6.4)
B [P,
(70t )
»
H (PP, il @)
[ U 1G20v)
HY (P, 7,y (20) @ ZylA]
\Lbr[a,j]@]
H! (YH U, #(Zp)) ® Zp[An]

ln.t,*®1

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

| H? (YSR3Uy), Y3(Zp)) @ ZplAn]
\‘V J/r:’@l

prnegtl e H3 (YOL (V,), 4.(Z))) ® Z,y[A,).

6.1.5 Varyingn

If U/ C U C GL3(Ayp), let pr% denote the natural projection map Y3 (/) —
YOL3 (). We get associated pullback/pushforward maps on cohomology. Also let
normi:+l denote the natural projection map Z,[A,41] — Zp[Ay].

Theorem 6.10 (Norm relation) For any n > 1 we have

[(Przzﬂ)* ® normﬁ:ﬂ] (gr[li{](_)> _ [ 1/1,1 ® 1] gledl
as elements of H>(YS13 (V,), #4(Z)) ®z, ZplAnl.

Proof This is an instance of [36, Prop. 4.5.2], elaborated in §4.6 ‘The Betti setting’
and §5.2.3 op. cit. It is an analogue of [41, Thm. 3.13]. As this result is key to our
construction, for the convenience of the reader we sketch the proof in this special case,
translating the notation of [36] into our setting. We shall drop the indices [a, j] and ¢
here for brevity.
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We first prove an analogue for the elements z,, (as in [36, Prop. 4.5.1]). We claim
that

[t @normy*! | @) = p° [(prZ"“) ®1] @) 6.5)

as elements of H3 (Y 013 Un+1), (Zp))®zp Zp[Ay]. Toprove this, one fixest > n+1
and checks that the horizontal maps in the diagram

tn+1,t

YHUH (p") N ulhyiu™") ——= YO Uy11) (6.6)

| |

tn,t

YH@UE (p') N ullyu™") ———— YO Uy)

are injective. (Note: this injectivity is the crucial reason for introducing the twisting
map u; cf. [41, Rem. 4.12]). By injectivity, the diagram is Cartesian as both vertical
maps have degree p? (using Proposition 6.3). Now, from the definitions we can write

[1@normy ! | @) = p" D (1,00 0 brotw) @ 1] (o Bish,, Ulvin])
. 6.7)
The class .. Eis{bn Ulvyy] (at the top left corner) is a pullback from level Z/lf{ (pH N
ull,u" (that is, the bottom left corner). Thus the right-hand side of (6.7) is obtained
by passing from the bottom-left to top right of (6.6) along the left and top arrows,
and (6.5) (where the right-hand side is obtained along the bottom and right arrows)

follows from the compatibility of pushforward and pullback in Cartesian diagrams.
u,,mun) o

Now recall that on cohomology at level U,, we have U 1’7’1 = (prun R

(prun Nty T~ )

[((Prun L{,,mu,,) o r*) ® 1]] to (6.5), we see

. One easily sees U,+1 = U, N tU,t~'. Applying the map

[(prun u,lmu”) 0T, ® normﬁﬁ“] (Zna1) = [U;,l ® 1] - Zn (6.8)

as elements of H? (YGL3 Un), Vi(Zp)) ®z, Zp[Ay]l. One checks that

—n—1 n+1 —n n
(Tn)* (pr[/{ Unfmun) o T* = (p —nu Z/.:nr nr MnT ) [¢] (Tn-‘r])*
* *

(prVnJrl) ° (_L,n-i-l)*’

whilst a simple check on single coset representatives shows that (z"), o U fLo=

U ! 1 0 (T")4. Since & = (t").(zn) by definition, the result follows by applymg
[(t”)* 1] to (6.8). O
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6.2 Pairing with a GL3-eigenclass

Recall that in Notation 6.1, we fixed a level subgroup U”) C GL3(A) fixing a

Schwartz function ) ¢ S(AEP )’2, Z).Let L/Q, be a finite extension with ring of
integers O, and

¢ € HZ (Y- @0, 7, (O0))

be any cohomology class. Let U, be as in Definition 6.2, V, := t7"U, ", and let
¢n be the image of ¢ in the cohomology of YCLs(v,), recalling that V,, C U. Recall
the pairing (—, —)y, from Sect.3.4. Let dis denote the unramified Haar measure on
H (A¢), which defines a volume vol(Z/{(p )N H ).

Proposition 6.11 The element of O [A,] defined by

CE N g ey = vol ) N H) -<¢,,, Ll (LN’), <1><P>)>V (6.9)

is independent of U'P) (for suitably chosen c).

Proof If U/ € U C GLs (Affp )) are two levels, with 4 N H fixing @, then one may
check that

(), (&) @ @P)) = n it 0 HY- &0 (W, 0P) . (6.10)
Let Z/{Y’ ), Lép ) be arbitrary. Then their intersection ng ) also satisfies the conditions,
and we see the result by applying (6.10) to Z/{gp ) Z/lﬁp ), Z/ép ). O
For finite-slope eigenclasses, we can also vary n.
Corollary 6.12 Suppose Up, 1¢p = a¢, with0 #a € Of.
(i) The element

&g, oW = (a7 B g, 00)) e LizZy]
n>1

is a well-defined distribution on Z; (a linear functional on locally-constant func-
tions). '
(i) If vy () = 0, then EI®/1(¢p, ®P) € O [Z5 1 is a measure.

Proof By the above remarks, for (i) it suffices to show that

norm " (=00 gl (p, 7)) = o7 B (9, 0P). (6.11)

n

By definition, we have ¢, = (pr}ﬁZ“ )*(¢n)- Since ¢, [a, j1, @) and UP) are fixed,
we drop them from notation for clarity, and see
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Ay _
normp e (n+l)<¢n, §n+1>
Vn+l

— a_(n+l) <(pr5)l+l)*¢n’ I:l ® norminrliI %-n+]>

= oD (g

Vn+1

[(pr P ® normﬁ”“] §n+1>v

n

— gD <¢, > (6.12)
=o *D <Up 1 ®n, gn) = a_n<¢n» Sn)vn

In (6.12) we use Theorem 6.10, in the penultimate step use that U, | and U/ | are
adjoint under (—, —), and the final equality uses Up 1¢p = a¢. We conclude (1) after
rescaling by vol(U(P) N H).

Part (ii) is immediate as a ™" - .EL" (¢, ®P)) € O [A,] for all . o

6.3 Getting rid of ¢

We fix @ and UP) and, for now, drop them from notation. We also fix ¢ as above,
with Up 1¢ = a¢, with v, () = 0.
Define ‘non-smoothed’ analogues E "‘[ @1 and gla-J! och!f’j] and . 2% /] by using
127V instead of .£1 /1. Since the non-smoothed Eisenstein classes are Q - rather than
Zp-valued, these are ostensibly only distributions in L[[Z;]]. We now show that they

actually lie in Oy, [[Z; 1.

Proposition 6.13 (i) We have, for each n,

Ng) = (2 = cIm@ on@ e E(4).

(i) If n2 is chosen so that nowry is not congruent mod p to any character of p-power
conductor;, then E%J/1(¢) € O [[Z; 1, i.e. it is a measure.

Proof (i) This follows from the formula (6.3) above relating C&,EQ’J ! and the non-c-
version, since the transpose of (c) with respect to Poincaré duality will be (b,
which acts on any vector in IT as multiplication by wp(c)~!.

(i1) Choose ¢ with ¢ = 1 mod p" and (wrin2)(c) # 1 mod p. It follows that the
factor relating - X/ and E!“/!is invertible in Z »[Ay]. Thus E g1V is integral for all
n and %71 is a measure. O

The auxiliary character 1, was introduced solely for Proposition 6.13. We must
now carry it through all notation, but its only contribution in the rest of the paper will
be to the periods Qﬁ
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6.4 The Manin relations: compatibility in varying j

Theorem6.14 For0 < j <aand f : Z; — @p, we have a compatibility
[ rw-ag @) = [ peoxd - ag Vg,
Zp Zp

Proof We shall prove this by adapting the methods of [38]. However, the result we
seek is not quite a direct consequence of the main theorem of op.cit., since the weight
A = (a, 0, —a) of our coefficient sheaf is not induced from a 1-dimensional character
of the Levi L1 of Py, and our level group does not always contain L1(Z,). So we shall
briefly indicate the modifications needed to the theory of op.cit. in order to prove the
theorem at hand. )

Since our classes are built up from the norm-compatible families . ,[,a’] ], it suffices
to prove a compatibility for . ,Ea’j Iand C%‘,E‘Z’O] modulo p”, regarded as elements of the
module

H (Y (W), %4(Z/p™) © (Z/ ") An].

More precisely, we shall prove the following: the map momJAn (Z/pMHlAL] —

(Z/p™)[A,], defined on group elements by sending [a] to a’ [a], maps cg,E“"” to
[a,]]
csSn .

. . » )
We have £/ = [(z"), ® 1] (cha’]]>, where 7 denotes ( 1 1). The action of
7, on our coefficients is given by a map of Uj,-representations

(@) VolZp) — 1) (V;L(Zp))

which is just p®" times the action of ™" on V;,(Q,); the factor p“" is the image of
" under the the character A (compare Definition 2.5.1 of [38]).

Since Vj(Z,) is an admissible lattice, it is a direct sum of eigenspaces for the
diagonal torus, corresponding to the weights of V. The map (t"); acts on each of
these by a non-negative power of p”; so on the mod p” coefficient sheaf ¥; (Z/p"),
it is zero on all eigenspaces except the highest relative weight space for the torus

Z(L1). So it suffices to prove that the classes czE,a’j I and mom’An (CZLQ’O]) have the

same image in the highest relative weight space.
Exactly as in [38], the homomorphism brl¢-/1 is determined by the image of the
highest-weight vector of V(I; 01— j)} let us call this vector f%/. If we model V; as

a space of functions on Ni\G taking values in the weight A representation of L,
and satisfying f(iifg) = £ - f(g), then the value f(u) determines f®/ uniquely on
Pru~' QY which is open in G; so f®/ is uniquely determined by f%/(u~!), and
this value lies in a one-dimensional subspace of the weight A L;-representation which
is independent of j (in fact it is the lowest weight space). So we may suppose that the
f®J are normalised so that %/ (u~") is independent of j.

Then, exactly as in [38], we obtain a compatibility between moment maps for G
and for H under pushforward, where H = GL; x GL; and G = GL3 x GLj. The
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moment map for G gives the twisting operator momin; and the twisting operator on
H maps the weight 0 Eisenstein class to its weight j equivalent, by Kings’ theory of

A-adic Fisenstein classes (see [32] for a summary in our present notations). m]

7 Values of the distribution as global Rankin-Selberg integrals

Let IT be a RACAR of GL3(A) of weight A = (a,0, —a), and let o, be a finite-
slope unramified P;-refinement (as in Sect. 2.6). Recall o, is determined by «), =
op(p) # 0. We now apply the previous section to attach distributions to appropriate
eigenforms in IT ¢, and show, in Proposition 7.3, that they compute global GL3 x GL»
Rankin—Selberg integrals for IT with Eisenstein series.

Let o = ®¢y € Il¢ such that:

(a) o) is fixed by z,{(lil’)(pr(l'l,wp)) and U, 19, = p**la, - @, (cf. Proposition 2.24);
and

(b) Wy, isalgebraic, so that we getaclass ¢y, == ¢r1(Wy,)/On € Hg(YGL3, %V(OL)),
for L/Qp sufficiently large and ¢r1, ® 7 asin Sect. 3.3, normalised as in Sect. 3.3.3.

We fix tame data ®P) e S(AEP)’Z, Z) and UP c GL3 (A;p)) such that ¢r (resp.
&) s fixed by U (resp. urn H). These choices fix ®¢ , and V,,, but we otherwise
drop them from notation throughout this section.

By Proposition 6.13, attached to all this data, and a suitable fixed auxiliary character
12, is a distribution E/1(¢,,) € L[[Z1l; and when o, is Pj-ordinary, Bl () €
Or [[Z;,‘]] is a measure.

7.1 Values of the distribution

Let n be a Dirichlet character of conductor p™!, and let n = max(ny, 1). Consider n
as a character on A, = (Z/p"7Z)*, and lift it it a character on Z; under the natural
surjection. We integrate this against our distribution. This factors through A,, and
writing x for the variable on Z’, we have

[ 10200 ) w0 = e [ neo -0zl g, ) o

P n

= (") [1 @ 1] (vol(Z/{(p) NH)- ((mf)n : Slga’”)v > CAY

We consider this value in a finite extension of Q p» but by construction (via the embed-
ding ¢) it actually lies in a number field. For the rest of Sect. 7, we will forget this
algebraicity and, abusing notation, consider it just as a complex number.

To study (7.1), we use the description and notation of Remark 6.7. Set 7 = n, and
for x € A,, let iy YH — YH (Z/IH ) be the natural inclusion. By the remark, the
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coefficient of [x] in {,Ea’j Vs

Z ) - p* ! oty 0Ly o br® ]OtW]ley(EISch)
Ye(Z/D)*

Substituting, we see that (7.1) is equal to

_p™ Vol(ll(p)ﬂH)
= ot ) @) (72)
XeEA,
X Z my) - <(¢‘Pf)n’ g brit ew i xy(Els¢2n)>
Yye(Z/D)* Vn
__ volUU'PNH)
== n(x) (7.3)
XEA,
X (e ), i )
y€(Z/D)* YH

via adjointness of pushforward and pullback under the Poincaré duality pairing.

7.2 Cup products as integrals
We now express these cup products as integrals. This follows a standard, if technical,

procedure (cf. [45, Lem. 1.3], [46, Lem. 3.2]). This technicality will manifest itself
exclusively in a local zeta integral at infinity.

7.2.1 The differential form for I

Recall oo € H(gl3, K5 o; Tloo ® V,Y(C)) from (2.2). We have

00’
H (913, K3 00 Too ® V') € A\ (813/55 00) " ® Moo ® VY (O,

where 85 = Lie(K3 ). Choose (arbitrary) bases {3, ...55} of (g[3/ﬁ§’oo)v and
{vg} of V)\v (C). Given these choices, there exist vectors ¢oo r.s.« € I1oo such that

oo = Z ZB/AS & Yoo,r,s,a ® Vy.

r.s=1,.

Letting ¢r 5.0 = @oo,r.s.0 ® ¢r € II, we see the differential form associated to

Oy = 1)/ Om is

®H] Z Z [8; A (S;] Q Ors.a ®Vy € /\i (9[3/ﬁg,oo)v QII® VAV(C)- (74
r,s=1,...,5 B
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7.2.2 The Eisenstein differential

By Corollary 5.6, the differential on ¥ %2 (4 NGL,) associated to Eisé>f is —ngrz(g)-

(dz)®/ - dr, recalling €j+2(g) eI(- 172, |- 14t12) (5.6).
For comparison with the GLj setting, and with [45, 46], it is convenient to rephrase

this in the (inexplicit) language of Sect.7.2.1. Combining the above discussion, we

see we may choose bases {J1, 52} of (g 2/,€€2 OO)V (corresponding to dt) and {w[]]}

of V(((;’L_z M (C) (corresponding to (dz)®/) such that as a differential form on Y GL2 | we

may describe Eis{l)f as

[ +5:] i [Zwm] (a5 o) ® (117211772 @ VG2 ()

. (7.5)
(where 5‘5;2(5;) e I(II- 1712, 1 - I/71/2) by Corollary 5.3 and (5.9), with n = 1).

7.2.3 The cup product on components

We pass to H. We identify the basis elements {81, 62} with their image under the
Vv
natural pullback (gly/83 )" — (Lie(H(R))/Lie(K;,mrl(zg, oo))) . and then

extend to a basis {81, 82, 83} of this latter space. By construction, the pullback of Eisé)[

to YH corresponds to a differential in which only §; and 8, appear.
Since the basis {3} of (g 3/ ngoo)v was arbitrary, we may rescale so that under the
map

& (gl /RS.) . — (Lie(H(R))/Lie(K;LOOFI(ZE;’OO)))V,

we have (*(8]) = §; fori = 1,2, 3 and (*(8;) = 0 fori =4, 5 (cf. [46, p.277)).
Recall (—, =), ; from (4.4). By definition,

(br[a JJls S Thl *[(¢¢f)n]’ tW]l (EIS¢2n)>Y

X,y

- f? ” [@al 23: S (e ll) (e

rs,t=1 o,

x Ep (pry () - vy (1 - [8, A 85 A 5,]].

Since only §; and &, arise in the Eisenstein differential, the only non-zero terms in the
sumoverr, s, t are rst = 132, 231. As Hp is 3-dimensional, we identify §; A 52 A 83
with a fixed choice of Haar measure dfo, on H (R). The expression becomes

= ©n lzersrzww,%”)a] f? 0r.s.a (DU ) €L (or, () - Iy )],

r,s,t
(7.6)
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where €231 = 1, €130 = —1, and &,5; = 0 otherwise; and dh = dh¢dho, recalling
dhs from Sect.6.2.

7.3 Passing to the Rankin-Selberg integral

By definition, on ny we have x = vi(h), y = vy(h). Moreover, the characters 7

on Z; and 1, on (Z/D)* lift to the (finite order) Hecke characters 7 and 73 (as in
Sect.2.1). Combining (7.1), (7.3) and (7.6) now gives

/ZX n(x) - dE[‘l’j](dnpf)(x, y) = “’}%fg‘f) Zersz Z<va, ng]) ¥

P r,s,t o, B

/~ Or 5,a (c(h)ur”)cféfz(prl(h)) Al 177 i (h)) - (2 (h))dh.
YH U

Up to renormalising our choices at infinity (and hence dh), we may take
vol(K 7}, o) = 1. Also cancelling the vol(UP) N H) — which, at p, introduces vol (/.
—we thus obtain

n p)

vol @t )~! j
= "Ol"()n Z Erst Z Vo » w/[3]]>a,j /

st B HQ\H(A)/R=o

x ERF (pry(m) - Tl - 177 1 () - T2 (va(h))dh,

or.s.a(tuc")

where z € R.( embeds as [(*,),z]. Write 1 = (y,2) € GL2(A) x GLi(A), so
vi(h) = < and

vol(u!! vol @y ) ~! 1 / "
= 7 Erst Vo, W j ors,al|t(y, Dut
e Z H(Q\H(8)/R=g ( )

r,s,t

x E2 () Al - 177 (*2) B @dey. 2)
1 H~!
e I zemzva, wfhas [

r,s,t H(Q\H(A)/Rog Pr.s,a (L (%, 1) MT”)&)\H )

x Er2(y) Al - 17 (et (L)) Al - 17 @dr, 0,

noting det(y) = z-det (%) Now make the change of variables g = y /z: this identifies
H(A) W1th itself, but now R.y embeds as z [(1 1) , ], so the domain becomes

GL2(Q)\GL2(A) x Q\A* /R = [GL2(Q)\GL2(A)] x Z*.
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By translation-invariance of Haar measures, we have dg = dy. As ||z||~/ = 1 for
2eZ”, we get

Vol(L{ j
=7 oz”()n Zgrvt Z Vg, W /[gj]>a,jf e (pr,s,a([ (& 1D "”:n>

il [GLy(Q\GLa (A)1xZ

x E4T2(g2) - @nim (@) -7l - 177 (det (g) )d(g, 2).
7.7

Lemma 7.1 Letk > 0 and x be a Dirichlet character. Then we have
2,
/z e (g ()dz = ELF (9) = | detg||2E<1>(g % —4).

Proof By definition, for z € Z we have 55;2 (g2) = Sggt (8), where zactsas (°;).
Substituting the definitions, we see that the left-hand side is &t R, ( o) (g) = E,‘zp Jfr2 X (g),

where the equality follows from Definition 5.1(iii). We conclude by (5.8) (giving the
first equality) and (5.7) (the second). O

Taking x = wnnn2, and collapsing (7.7) with Lemma 7.1, we conclude

~la.i Vol(Z/{ i
fzxmx)-da[“’”(mf)(x)— St 2N e (v w0

P r,s,t o,B

/ wr,s,a(t(g, l)ur”) Eo(g; @nnm, —14) - 7i(det g)| det g ||~ 2dg
GL2(Q\GL2(A)

Definition 7.2 Let IT be a unitary automorphic representation of GL3(A), and x; and
x2 be Dirichlet characters. For ¢ € ITand ® € S(A2, C), define

Z(p, @: x1. x2. 51, $2)

1
- o(1(e 1)) - Ealg; 2, 52) - (et o) det g | ~2dg.
GL2(Q)\GL2(A)

Summarising all of the above, we have shown:
Proposition 7.3 Let n be a Dirichlet character of conductor p". Then

vol@Uf! )~!
p”a”@

E Erst

Z(vdeﬁ )a,]Z( @erucD 77’ 0)1‘[777727 ‘7_‘
a’ﬂ

| RCRERBEE

P

N~
~
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Exactly as in [45, Prop. 3.1] (following the proof of [24, Prop. 3.3]), for fi(s) > 0
the integral Z(—) has an Eulerian factorisation in terms of local zeta integrals, namely

Z(w, D; x1, X2 51, 52) = 1_[ Zv(Wgo,vs ®y: X1,vs X205 515 52)' (7.8)

v

We will define and study the local integrals Z,(—) in the next section (Sect. 8).

We emphasise that in Proposition 7.3, ¢ is the finite part of each the ¢, 5 o (i.e. the
¢r s« differ only at infinity). This will allow us to move both sums into the local zeta
integral at infinity.

8 Local zeta integrals

Throughout this section we work locally at a place v of QQ, and largely drop v from
notation.

8.1 GL; principal series

Given ® € S(Q%, C), continuous x : QX — C*,and g € GL2(Q,), we define a local
Godement—Siegel section fo(g; x, s), exactly as in Sect.5.2.1 (but with the integral
over Q; rather than A™). We let W (g; x, s) be its Whittaker transform as in [37,
§8.1], defined by analytic continuation of an integral convergent for R(s) > 0; the
function W¢ is entire, while fo has the same poles as ®(0, 0) - L(x, 2s). Note the
maps ® — fo, & — Wo have the equivariance property

fro(gs x,8) = |deth|™ fo(gh; x, ),
Who(g: x,8) = |deth|* Wo(gh; x, s).

For a fixed s where the (local) L-factor L(x,2s) # oo, the space of functions

L1
fao(—; x, s) for varying @ is exactly the induced representation I(| T2 11270y _1),
while the space of Wg(—; x, s) is the Whittaker model of this representation (with
respect to v, not ¥).

1 1
If L(x, 2s) = 0o, the fo may have poles, and I(| 272 |773X_1) is non-generic:
it has a 1-dimensional subrepresentation spanned by the residues of the fg, and the

1 1
W lie in the Whittaker model of 7(] - |27 x =1, | - |°”2) instead.

8.2 A two-parameter zeta integral

For Sects. 8.2 and 8.3 only, let & be any generic representation of GL3(Q,), and let
X1, X2 be two smooth characters of Q.
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Definition 8.1 For s1, s complex numbers, W € Wy, (), and ® € S(Q%, C), we set
Z(W, ®@; x1, X2, 51, 52)

1
_ / W (g, 1) Wog: 12 21 (det g)| det g2 dg,
N>\GL)(Q,

which is convergent for f(s;) > 0 (for fixed s2) and has meromorphic continuation
to all s and s», as a rational function in £&51552) if y = ¢ is a finite place.

Theorem 8.2 (Jacquet, Piatetski-Shapiro, Shalika)
(i) The function

Z(W,®; x1, x2. 51, 52)

Z(W, ®: x1. x2. 51, 2) = -
L % x1, 81+ 82— L X x1x5 w51 — 52+ 3)

is entire as a function of the s;, and is a polynomial in £F1%52) ify = £ is a finite
place.

(ii) The ideal generated by these functions for varying (W, ®) is the unit ideal. In
particular, if v is a finite place, there exist finite collections {Wi}icr and {®i}ies
defined overQ such that ), Z(W,, D x1, X2, 51, 82) = 1 for all sy, s».

(iii) If 7 and the x; are unramified, and W and ® are the normalised spherical data,
then Z(W, ®; x1, x2, 51, 2) = 1 for all sy, s>.

Note that for W; and ®; as in the theorem, we have

Zi(Wi, ;5 X161, X202, 51, 52) = 1
i
for all unramified characters 61, 6, (since we can move such 6; into the s;).

Proof We know that, for each s», the functions We (—; x2, s2) for varying & form the
Whittaker model of the representation IT' = I(|- |27/, |.|1/2== Xo ) and evidently
the W (g) x1 (det g) span the Whittaker model of 7 x xi. So, by the results of [27], the
greatest common divisor of the Z(—; x1, x2, 1, 52), as functions of sy, is the L-factor

LG x T x xu, 1) = LGt X x1,51+52 = LG x x1x3 581 =92+ %),
where the latter equality follows from the compatibility of Rankin—Selberg L-factors
with parabolic induction (also proved in op.cit.).

So, for each fixed s,, the normalised integrals Z(—; x1, x2, 51, $2) generate the unit
ideal. As these functions are meromorphic in s =% s», they in fact generate the unit

ideal in C[¢E51%52], ]

Note that
Z(W7 q>; X1, X2, 51, 1 - 52) = Z(W5 &); XlX;lﬂ X;17s15S2)'
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This is immediate from thg functional equation of Wg, cf. [37, Eq. (8.1)]. The denom-
inator in the definition of Z is the same for both sides (the factors get swapped) so this
relation also holds for Z in place of Z. There is also a functional equation in s; (for
fixed s7), but this is more complicated to state, and we shall not use it here.

8.3 A second zeta-integral

We consider a second zeta-integral, studied in [39] (following a series of earlier works).
In this section, we shall assume v is a finite place.

Definition 8.3 For (7, x1, x2, W, ®) as before, we define

Y(W, ®; x1, x2, 51, 82) =

1 1
/ w[(' 1)t D] fols: x50l det g2y (det ) dg.
(N2\GL2)(Q,) -1

This integral converges for N(s2) > 0 for any fixed s; [sic!] and extends to a
meromorphic function of s; and s, which is a a rational function in £¥51%%2 if y = ¢
is finite.

8.3.1 Relation to the Z integral

We will prove the following theorem in an appendix below.

Theorem 8.4 We have the identity

Y(W, ®; x1, x2.51,82) = (T X X1/x2.51 — $2+ 3) - Z(W, ®; x1, x2. 51, 82),
where
e(m, )LV, 1 —5s)
L(m,s)

is the local y -factor. In particular, the greatest common divisor of the Y (—) as (W, ©)
vary is the principal ideal generated by the product of L-factors

y(m,s) =

Lt % q1.s1+52 = 5) - LT x 37 xz, 52 = 51+ 3).
8.3.2 Torus integrals

We now give an alternative, more “computable” formula for Y (—).

Definition 8.5 For W € W(rr), define a function on GL,(Q,) by

1
y(W; x1, x2, 51, $2)(8) = x1(det g)| det g|"' ™2

. 1 1 31+52—§ 52—51—1 X2 X X
x| ow[(Cr ) (T ) e D] T T B () d* e d
Q)2 y -1
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The integral converges for 9 (s2) > O (for fixed s1), as before; more precisely, it
converges in some quadrant R(s> — s1) > C, R(sy + 51) > C. A computation shows
that it transforms as an element of (| - |/2752, | . |2271/2y,), which is the dual space
of the representation in which fo(—; x2, 52) lies, and the duality pairing recovers Y:
that is, we have

Y(W, ®; x1, x2, 51, 82) = (y(W; x1, x2, 51, 82), fo(—; x2,52)) . 8.1
8.4 Parahoric level test data

We now take w = II,, and evaluate (in Theorem 8.7) the local zeta-integral directly
for certain specific test data; the integral we consider here is a local factor of the global
integral in Proposition 7.3). We suppose that v is a finite place, and denote it by p (for
compatibility with our applications below).

Suppose IT has an unramified P;-refinement o, so there is an irreducible GL;-
representation o, such that o), x o}, <> Jp (I1p). Recall @) = 0,(p), and from
Proposition 2.24 that r(IT, «),) is the conductor of 01’,.

Henceforth, we fix the following characters and test data.

Notation 8.6

o Let x1 =71, p» Where 1y is a Dirichlet character of conductor p"! for ny € Zxq
(so that x1(p) =1 and X1|Z; = 771_1). Let n = max(1, ny) > 1.

e Let x2 = @, 71, p2, p, Where 1 is the auxiliary Dirichlet character from Nota-
tion 6.5. -

o Let W* ¢ 11 p be the Py-stabilised newvector of IT as defined in Sect. 2.9, so that

W is stabilized by Z/{gilj) (p"M-ep)) and lies in the U, = p“*la,, eigenspace.
11\ /1
o Letu = ( 1 1) ( 1—1) € GL3(Z)) as before, and take for W the element
uty - W
e Let ® be the characteristic function ®x = ch((0,1) + pR Zf,), for R =
max(n, r(IT, ap)).
To ease notation, we will drop the™ from local characters, writing for example 7; , for
i, p-
Recall the Coates—Perrin-Riou factor e, (I, x 01, », —j) from Definition 2.16, and
its explicit description in our present setting from Example 2.21.

Theorem 8.7 We have

Y(W, @R x1, X2 1% %’)
n
14

T PRI = p (1 - p2)

o

: ep(np X N1,p>» -j)-&- L(Hlv; X WI1,pN2,p>» 0),

where &y is an explicit p-adic unit. It follows that

@ Springer



P-adic L-functions for GL(3) Page 510f69 96

Z<W, @g; X1, X2, 1%] _7]) =

oz;‘, & - LI, xwﬁ}pnii,,l)
pHREn (1= p=1H(1 = p~?) veplp xm.p. =J)-

-1 -1
e(I, x o, p 1)

The factor ag, and the first denominator term (which has an interpretation as the
index of a subgroup of H(Z,)), will naturally cancel out in our p-adic interpolation

computations. The local L-factor will later contribute to the period €2f; (see (9.1)).

Proof The statement for Z follows immediately from the statement for ¥ and Theo-
rem 8.4.

We focus, then, on Y. To save notation we give the proof supposing 75, is trivial;
we indicate the necessary modifications for general 7, , in Remark 8.9. Since R > 1,
one computes that fo, (—, x2, s2) has support in B2(Q,,) Ko( p%), whose measure in
the quotient B>(Q,)\GL2(Q),) is m; and its value at the identity is
Hence for all sufficiently large R (depending on W) we have

1
pRA-1/p)°

Y(W, ®g; X1, X2, 51, 52) = Wy(W; X1s X2, 51, 82)(1).

Thus the Whittaker function in the integral y (W; x1, x2, 1, s2) (1) is given by

W () () = samor e (7)),

Hence the integral is given by

pn+a+b 3 b 1
2 W(( o ))p‘““‘*‘”‘ﬂp‘ oy /Z (P 0 xi(x) d*x.
1 »

(a,b)eZ?

The values of the Whittaker function W* along the torus are given by Proposition 2.25;
they vanish unless @ > —n and b > 0. The integral over Z; is standard: if ny , is
ramified, then it is G(nI;)/p”(l — p~ 1) when a = —n, and vanishes otherwise; if
n1,p is unramified (so n = 1), then it vanishes for a < —1, takes the value p_—_ll for
a=—1,andis 1 fora > 0.

For non-trivial 1, ,, we thus compute that Y (W, ®g, x1, X2, 51, 52) is equal to

Gy ) ) 3 P |
, (s1+s2—7%) § : o —b(s2—s1—7%)
= — — p 2 u/ << b )) p 2 .
pHRAr(1— p~hH(d - p7?) P

b>0
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Using Proposition 2.25, the sum is

b 1 b
2 o P —b(s2—s1—75) _ 2 : new )4 —b(sr—s1) b
v (( pb l))p v WO';, << 1))p O(p
b>0 b>0

g

1
= L(UI; X 0p, 852 =51+ 3),

Wi <x 1) op (X) X[ d> x

X
p

/

recalling o, X 0,

is our Pj-refinement; the last equality is [17, Prop. 6.17]. Thus

3
Gy ,)p" 2
p*r(1—p=Hd —p=2)

Y(W, ®r; x1, X2, 51, 8) = ‘L(O'[/a X Op, §2 =51 +%)'

If 11, is trivial, we obtain instead

3
—1,—(5—s1—52)
op (1 - Olp P ’ 1
— —— - -L(o, X 0,5 — 51+ 5).
p2R+1(1 - P l)(l 2 2) (1 _ app*(sri“szf%)) b P 2
We see that when 51 = 1%’ and s, = —%, then in either case we obtain

Y(W7 q)Rs X1, X2, %1 _%)
%
. /
= p2R+n(1 _ p_l)(l _ p_z) : ep(np X 1M,p> =J)- L(Up X Up,o).

To remove the L-factor L(a;, x 0p, 0), let

L(o! x d),5)
Es = P i

= (8.2)
L(I'Ip X or1,p, §)

The statement for Y in the theorem follows by replacing L(a;7 x op,0) with & -
L(HX X wr1, p, 0). It only remains to show & is well-defined and a p-adic unit, which
we do in Lemma 8.8 below. O

Lemma 8.8 IfI1, is irreducibly induced from a representation a x o of GL1 x GL;,
then we have

L(o[’, X 0p,S) 1

= — =1-on(pa,'p™.
LI} x w1, p, 5) L(a)n,,,ap_l, s) !

If the induction of o), x 0,

In particular, if X1 is Py-ordinary, then & is a p-adic unit.

is reducible, then this ratio is identically 1.
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Proof For GL3, we have L(l'[lv, X 0, p, §) = L(/\21'Ip, s) (seee.g. [31,81]). If IT, is
irreducibly induced, then we have L(/\zl'lp, s) = L(o*l’7 X 0p, s)L(/\Zal’), s), and we
have /\201/, = wo = En,pap_l; and Gn,p(p)a[,_l(p) = a)n(p)aljl. In the remaining
cases, one can write down the Langlands parameter as in Example 2.13 and argue

similarly to find that the ratio is 1.
For the final claim, we note that & is either 1 or 1 — wpy (p)a;l. As a;l has

valuation 1 4+ a > 0 with respect to our choice of embedding into Q p» Whilst ori(p)
is a root of unity, we see & must be a p-adic unit. O

Remark 8.9 We indicate the changes required if 7 , is not trivial. In the sum over
(a,b) € Zz, we must add r]z,p(pb); and in the expression for Y, the L-value that
appears is L(o*l’7 X OpN2,p,s2 — 81+ 1/2). Then & = L(ol’, X 0pN2, p,s s)/L(l'I; X

o1, pN2,p, 5). In Lemma 8.8 we find the ratio is either 1 or 1 — w, (p)nz(p)oz;lp_s,

and conclude as before, since 7 (p) is a root of unity.

8.5 Local zeta integrals at infinity

Now consider v = oo. The following is directly analogous to the discussion after [406,
Lem. 1.1]. Recall @Qz from (5.5), and let Woo € Wy, (7o0).

Lemma8.10 [26]. There exists a polynomial P;(Weo; T) € C[T] such that

- .
Z(Wso, @53 %551, 2205, — %)
=Pi(Wosis+5) - L x x1.5 — Y L x ixg s + I,

Remark 8.11 Our P;(Woo; T) is not the direct analogue of Py, v (T) from [46].
Instead, it is scaled by a non-zero rational multiple of a power of 7, which depends
on j but not Wy In particular, we incorporate (the analogue of) Mahnkopf’s A - 7°~/
into P.

9 The p-adic L-function
We collect our constructions and prove the interpolation formula, completing the proof
of Theorem B from the introduction for twists in the “left half” of the critical strip. Fix

Il = (11, ap) a Pr-ordinary Pj-refined RACAR of GL3(A) of weight A = (a, 0, —a).
Recall the auxiliary character 1, from Notation 6.5.

9.1 Main result

We fix test data at the finite primes using the following recipe.
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Notation 9.1

— At v { poo, choose a finite index set I, and a collection of Whittaker functions
Wy.i € W(I1,, E) and Schwartz functions ®,,; indexed by i € [,, such that

D Z(Wy, @u; 1, omma, 51, 82) = 1.

iely

This is possible by Theorem 8.2. We let ¢, ; € IT, be such that Wy, (¢, ;) = Wy ;.
We can (and do) suppose that the @, ; take values in Z, and that for primes such
that IT, is unramified, we have |I,,| = 1 and the corresponding W, ; and @, ; are
the normalized spherical data.

— We define I = ]_[W,OO I, (which is finite since almost all the [, are singletons),
so that tensoring together the W, ; and &, ; gives us a finite collection of vectors

W e W E), P e S(AF)2, Z) with

S Z (W, o1 ol i) =1,

iel
— Atv = p, wetake ¢, such that Wy (¢,) = W* and ®, = P (as in Notation 8.6).

This gives us a finite collection of vectors ¢r; € Ilf and Pr; € S(A2, 7). We
fix a choice of level group (") away from p fixing all of the ¢y ;, and work at level
U= Z/l(p)l/{p where U, is the subgroup L{E,Pl)(p’(np’“l’)) as above. We normalize
our periods, as in Sect. 3.3.3 and Sect.7, so that we have ¢y, = ¢dn(Wy;)/On €
HE(YGL3 ), 7,7 (Or))/{torsion} for all i, for L/Q, finite (containing E).

Recall /1 (g,,, @) € OLIZ 71 from Sects.6.2 and 6.3.

Definition 9.2 We write ¢ for the involution of O, I[Z;]] corresponding to x > x!

X
oan.

Definition 9.3 The left-half p-adic L-function of T1 is defined by

L, () =1 (Z gl (g, . o) ) € OLIZX1.

iel

Remark 9.4 We include the involution ¢ in order to obtain a measure with an inter-
polating property at integers in [—a, 0] rather than [0, a], to better match the critical
range for the complex L-function.

Recall & # 0 from (8.2) and Lemma 8.8, and define a period

_ O -e(l, x (on,,mp) " 1)

Q= c*. 9.1
N e L X ) LD e

The following interpolation, which proves Conjecture 1.2(i) of the introduction for
n = 3, is our main theorem. The proof will occupy the rest of Sect.9.
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Theorem 9.5 Let I be a RACAR of GL3(A) of weight (a, 0, —a), admitting an ordi-
nary Pi-refinementat p. The p-adic L-function L, (T1) € O [[Z; 1 from Definition 9.3
satisfies the following interpolation property: for all (—j, ) € Crit, (I1), we have

LT x n, =)
2n
9.2)
Here Crit),(I1) = {(—j,n) : 0 < j < a, cond(7) | p°°} was defined in Sect. 2.5, exo
in Definition 2.6, and e, in Definition 2.16.

fZ 7 ox T L () = eoo(TTos X oo, —ep(Tp X np, =) -
P

9.2 Interpolation of L-values, part |

Recall from Sect.7.2: our choices of ¢ (in (2.2)) and bases v, wl[gj I determined
forms Qoo ;5.0 € Ioo, and we set ¢r 54 = @Poo.r.s.a - ¢f- By Theorem 6.14 and
Proposition 7.3, the left-hand side of (9.2) is then

SJ/ZX 1) - AT (g (0

P

z : n : 151, -4)
o VOI(U,IZ{[,)OCPOH Z Erst Z Vg, W (14'51 @r.s,a, P50, 0NNz, ==, =5 ).
r,s,t

Each Z(—) is a product of local integrals Z, (—) by (7.8). As the finite parts of the
@r.s.o are the same, for each v { oo the integral Z,(—) is the same in each summand.
Such Z,(—) is computed in Theorem 8.2 (v 1 poo) and Theorem 8.7 (v = p, noting
W =ut{ - W*). We conclude

Z(utl - ¢y y0. ®1 0, 0nnn, L 1) =
n .g
42~ o~ ~ 1—j i @, Co
OO(WOO,I',S,th)éO s Noos WI,00Mlo0s —5 7_%) X

pHRI(1 —p~H(1 - p~?)
L(IT x (wnm2) "1, 1)
e(IT), x (a)H,pT'IZ,p)_la D’

x ep(ITy X np, —j) - LP(TT x n, —j) -

where We 5.0 = Wy (@o0,r,5,0) € Wy (Ilo) (recalling that n; is even, S0M2.00 = 1).
We now sweep the sums into the local zeta integral at co. Let

€00 (Loo X Moo, =J)
j +2 ~  ~ ~ 1—j j
= Z Erst Z<Uou w,[3]]>a i ZOO(WOO,I',S,(Xv q>éo 5 Noos @WIT,00Mo0s —57» _%)

r,s,t o, B
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Then
(9.3) = ! - i 'fo 57 " €0 (foo X Moo — )
prvolUl yan®n  p*Rti(l—p=Hd - p2)

9.4)
L(I x (wnn2)~', 1)

x e,(TT, X 0y, —j) - LD x n,—j) - )
PR ap e(T, x (wm,pn2,p)~ 1, D

We compute vol(Z/l,I;{p)_1 = p2R+2"(1 — p‘l)(l — p‘z) via Proposition 6.3, whence
by (9.1) we find

; - ~ . . LPI xn, —j)
/ZX n(x)x’ -dL (I (x) = €oo(§oo X Noos —J)-ep(Ip X1, —J)'T-
4 I

9.5)

9.3 Non-vanishing at infinity

It remains to evaluate 2o0({oo X Moo, —j). We first show it is non-zero. For each
Zoo(Weo,r.s.0» —) 1n its definition, by Lemma 8.10 we get an associated polynomial
Pi(Weo,r 5,05 T) € C[T]. Define

Pj(;oo; s+ %) = Zsrst Z<vav w’[sj]>a,j : Pj(Woo,r,s,a; s+ %)

r,s,t o,f

This is (an explicit non-zero multiple of) the analogue of P;(s) in [46, (3.1)] (cf.
Remark 8.11). Combining with Lemma 8.10, we see

Coo(foo X Noor —J) = Pj(ooi 3) - LMoo X Mooy —j) - LMoo X 0, 1).

By [29], we know P; ($oo; %) # 0 (cf. [18, Thm. 2.1]), and hence €5 ({0 X Moo, —J) F
0.

9.4 Symmetric square p-adic L-functions

To pin the term at infinity down more precisely, we exploit the fact that Theorem 9.5 is
known in full when IT is essentially self-dual, i.e. IT is a (twist of a) symmetric square
lift. We recall this result.

Let f be aclassical cuspidal p-ordinary newform of weighta+2 andlevel N,and 6 a
finite order Hecke character over Q of prime-to- p conductor. Let 7" = Sym?(f) x 6 be
the symmetric square lift to GL3, which has weight (2a, a, 0), and let 7w := 7’ x || - || 74
(which has weight (a, 0, —a)).

The form f has aunique ordinary p-refinement; write p'/> A p forits U,-eigenvalue,
which is a p-adic unit (so v,(A,) = —1/2). Then 7 has an ordinary Pj-refinement
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defined by an unramified character o, where o, (p) = o) = p"‘A?ﬁ(p); as 0(p)
is a root of unity, we have v,(ap) = —a — 1.
If w;(—1) = —1, let b = 0; otherwise let b = 1.

Theorem 9.6 (Schmidt, Hida, Dabrowski—Delbourgo, Rosso) There exists /3; () e
Cp ®z, ZpllZ, 1| such that for finite-order characters n of Z,, and 0 < j < a with
(—=1) = wyn(—1), we have

wr(=1)-T'(=j+a+1)
22a+4 . jb . (27”')7]'

LP(x xn,—))
it f, f)

fZ n (x ) dL,F) () =

X
P

'ep(JTp X Np, -J)
9.6)

Proof This is summarised in [43, Thm. 2.3.2(i)], at least when p { N; the case where
plIN is described in [55]. For the convenience of the reader we indicate how the
statement in [43] translates to that above; the comparison with [55] follows as both are
compatible with Conjecture 1.2(i), which has a uniform statement whether p divides
N or not.

Since L(w,s) = L(Symz(f) X 1, s +a + 1) we renormalise, first defining ﬁ; ()
so that

/ fG)-dL, () = f ¥ f () - dLy(Sym f @ 6)
Zy Zp

(in the notation of [42]), and making the substitution —j = s —a — 1 =s —k + 1
(with k = a +2). Translating between the data attached to the refinements of f and
then equates G(n) - £, (s, n) op. cit. with e, (77, X np, — j) here. The parity condition
op. cit. is (=1)**1=In(=1) = —0(=1); since w(—1) = Ogym2 () (=DO(=1) =
(—1)46(—1), this is equivalent to (—1)/ = w,n(—1). Combining all of this shows
that fZ; n oo)xI . [,; (7r) (x) is equal to the right-hand side of (9.6). O

Remark 9.7 The proof of Theorem 9.6 is rather circuitous, owing to complications
with local Euler factors at the bad primes. Taking & = 1 for simplicity, the method
initially interpolates values of the “imprimitive” symmetric square L-function

L™Sym*(f),s) = LN Q25 —2a -2, 0}) - Zanz(f)n—f,

n>1

which differs from the “true” symmetric square L-function by a product of local error
terms at the primes dividing N y. Having constructed an imprimitive p-adic L-function,
one can attempt to define a primitive p-adic L-function by dividing out by the error
term; however, it remains to be shown that the resulting function does not have poles
at the zeroes of the error term, and that it has the expected interpolation property
at all (j, n) in the interpolation range (even if the error term vanishes there, which
can occur). This requires rather lengthy case-by-case analysis according to the local
factors of f (see [23, §6] and [11, §3.1]).
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However, for our present purpose of identifying the factors €so({oo X Moor —J)»
it suffices to know that there is a (possibly meromorphic) p-adic L-function which
satisfies the conclusion of Theorem 10.3 for almost all (j, n) in the appropriate range.
This is much more straightforward to prove using the methods of [56]. Combining
this partial result towards Theorem 9.6 with the output of our present construction, we
obtain the full strength of Theorem 9.6 as a consequence, yielding an alternative proof
not requiring the intricate local computations involved in the previous approach.

9.5 Interpolation of L-values, part

We are evaluating €5, ($oo X 00, —j ). This term depends only on data attached to 1o,
and j, as (to be critical) o0 = 011,00 * sgnj.

Note in particular €x0 (00, —j) does not depend on any data at p. We now exploit
this, and existence of symmetric square 3-adic L-functions, to show:

Proposition 9.8 Forany 0 < j < a, we have

~ i . i (—j 1 ~
€oo(foo X wl'[,ooSgnjv —-Jj) = (27Tl)j : (1"(111;-'?1-;) oo (800 X WM, 00, 0).

Proof To ease notation, we Write €xo (oo, —J) = €s0(Coo X WM,008gNY, — ).
From (2.3), for fixed a there are only two possibilities for I1,; denote them by
GL3 (R

GL3(R . _
Hgg'_ = IndPgSHé) )(D2a+3v id) Hgé = Indp2(R) )(D2a+3, sgn).

Lemma 9.9 Leta € Zx>g. For € € {%}, there exists a RACAR n®€ such that:
(i) 7 = %S
(i) 73°¢ is B-ordinary;
(iii) There exists an elliptic modular newform f, of weight a + 2 and a character 0
such that 7€ = Sym?(f,) ® 0] - || 7%

Proof First suppose ¢ = 0 and € = +. Take fj to be the unique newform of level
15, trivial character and weight 2. This newform is 3-ordinary and not of CM-type, so
70% .= Sym?(f) is the required RACAR.

By Hida theory, for any a + 2 > 2 there exists a 3-ordinary newform f, of weight
a+2 congruent to fiy mod 3 (with trivial character if & is even, and quadratic character
mod 3 if k is odd). Since the mod 3 Galois representation associated to fj is surjective,
f. cannot be of CM-type, so lifts to a RACAR of GL3. We may thus take 7%+ :=
Sym?(f) ® || - 1|7

Finally we take 7%~ = 7%t ® 0, for 6 an odd finite order Hecke character
unramified at 3. O

Now we return to the proof of Proposition 9.8. The lemma implies that for our
given I1, there exists a RACAR 7 = Symz(f) ® 6]| - ||~¢ such that [Ty, = 7o and
73 is B-ordinary (hence Pj-ordinary). AS €5 (Zo, —j) only depends on the factor at
infinity, it suffices to work with 7 rather than IT. Let L5 (v) and L5 () be the 3-adic
L-functions of Definition 9.3 and Theorem 9.6 respectively.
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Note that L3 (7) and L3 () interpolate the same L-values L(zx x 1, —j), so
when considered as (bounded) rigid analytic functions on weight space #/, they are
supported on the same half of /. In particular, we can make sense of L3 () /L5 () €
Frac(C3 ®z, Z3 [[Z;]]) as a well-defined meromorphic function on 7. This quotient
is uniquely determined by its integral against finite-order characters 1 of Z3 such that
n(—1) = w; (—1) (and vanishes when n(—1) = —w; (—1)). By considering j = 0 in
(9.5) and Theorem 9.6, we deduce that

3 -1
/ZX n(x) .dL3 () 2 (a0, 0) - |:Cl)rr(_1) -T(a+ 1)] S, f)'
3

,C;(T[) 22a+4 . l‘h . 7.[a-i-l QF[

As this is independent of 7, the quotient L3 (;r)/L5 () is constant, say equal to
C eC;. _
Now let 0 < j < a, and 5 such that (—1)/ = w;n(—1). By constancy, this is

L3 (r)
L5 ()
wr(=1)-T(=j+a+1) }1 V)

22a+4 . jb . (Zn’i)_j . atl QH

C = / n()xd (x)-d

Zy

’

where the second equality is the interpolation formula; and hence we have

Coo(loo, —J) = @ri)! - HELEAED B (200, 0), ©.7)
proving Proposition 9.8. O

Now return to our original representation 1. We are free to renormalise (s, by
any element of C*; this then rescales Oy, Q1 Pj(Coo; §), and hence also Coo(Loo X
OI1,008807 , — j). We renormalise it s0 that €5 ({oo X @11 ,00, 0) = €00 (TToo X @171, 00, 0).
Since by definition

. ) . . 1
eoo(Ieo X cUl'I,OOSgn]» —-Jj) = Qi) - % - eoo(IToo X @17,00, 0),

from Proposition 9.8 we deduce
Zo0(Go0 X @1005gn, — ) = eco (Mo X @r1,00580, = ). ©.8)

Theorem 9.5 follows by combining this with (9.5), recalling that if (—j, n) is critical,
then 1e0 = wr,008gn’.

Remark 9.10 Combining the equality (9.8) with Theorem 2.7 also completes the proof

of the Algebraicity Conjecture (Conjecture 1.1) for n = 3 for (—j, n) € Crit™ (IT);
the analogous result for Crit™ (IT) will be proved in the next section.
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10 Duality and functional equations

Our results so far have focused entirely on Pj-nearly-ordinary representations, and
on interpolation of L-values L(IT x n, —j) for (—j, n) € Crit™ (IT), the left half of
the critical range. In this section we complete the proof of Conjecture 1.2 by studying
the mirror-image picture for P,-nearly-ordinary refinements, for which we obtain
interpolation over Crit;ﬁ(l’[), that is, in the right-half of the critical range.

Suppose [TisaRACAR of GL3 admitting a (necessarily unique) P,-nearly-ordinary
refinement o, X al’,. Using the invariance of Conjecture 1.2 under twisting, as in
Proposition 2.19, we may assume without loss of generality that 01/) is an unramified

character.> Hence the dual a[’,v defines a Pj-ordinary refinement of IT"; and Theo-
rem 9.5 thus yields a p-adic L-function L;(l’[v) e Oy, [[Z;]].

Definition 10.1
(1) IfC e Z; ,let[C] € (9[[2;5]]>< denote the Dirac measure defined by

/ZX f @) -d[C] = f(O).

(ii) Let tw; be the unique automorphism of Op, [[Z;]] sending [C] to C - [C], and (as
above) ¢ the involution sending [C] to [C —19, s0

/xs de(twy ) = /xl_s du

forall s € Zand u € OLIIZ;]].
(ii) Define the measure L;‘(H) to be

1 »] ;- X
L(m) = g e ([an ]Lp (n)) € OL1Z].

Here N f—lp ) is the prime-to-p part of the conductor of IT (the integer such that the
functional equation of the complex L-function involves a factor of N*); the Dirac

measure [1/Nl(-[p)] is a p-adic avatar of this factor. Let also Q?-'I = Qpv-

Proposition 10.2 The p-adic L-function L;(H) satisfies the following interpolation
property: for all (j + 1, n) e Crit™(I1), we have

/ZX ()T ALT () () = €00 (Moo X Mo, j + 1) - ep(Tp x 0,0, j +1)
p
LPMxn ' j+ 1D
. L _
Q1'[

(10.1)

3 We might call such refinements “co-ordinary”.
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Proof By Theorem 9.5, we have

/ et ALY @) = (N () e P @ )7
;
X eoo(ng/o X Noos —J) 'e[?(n;)/ X Mp» =J)
LP(I1Y x n, =)
QHV

In [9, (20)], Coates proves the equality

LP(TY x n, —j)

eoo(TT3 X Moo, =) - ep(Ty X 0, —j) - =
1'[\/

= (TTeemy xne. =) - eoeMos x 0zl j 4+ 1) - ey xny " i+ 1)
t#Ep
LPO@xn !t j+1)

T
QH

Here we recall that the modified Coates—Perrin-Riou factors were set up to use the
additive character v for Crit;(l’[v) and ¥~ for Crit;;(l'l). As n is unramified at
£ # p, as in [9] we can exploit [59, (3.4.6)] to see

EZ(HZ X ﬁZa _]) = 8Z(HZ’ O) . chl .ﬁz—l(gc‘g)’
where ¢y is the exponent of £ in Npv = Ny In particular, we have

[Tee(my x e, —) = P @@, 0) - W)/ - 7P W)
t#p

We conclude by combining all terms, noting 77 (Nl(_[p))_l = (N;Ip))_l = r;(NI(-[p))
via the conventions in Sect. 2.1. O

With this, we have completed the proof of Theorem B.
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Glossary of notation/terminology

a Integer > 0; weight of IT (Sect.2.3.2)
ap =o0p(p) (For o, = P;-refinement)
B C GL3 Upper-triangular Borel
» Satake parameter (Sect.2.4)
brle-Jl1 Branching law (Sect. 4.2)
Crit?f(l'[) Critical values (Sect.2.5)
cel Aux. integer prime to 6 p
X Dirichlet character (Sect.2.1)
X Hecke character (Sect.2.1)
A, Z/p"T)
E Suff. large number field (Sect.3.3.1)
E¢ Adelic Eisenstein series (Sect.5.2.1)
EL Zx (5.7)
Eglfz Classical Eisenstein series (Sect.5.2.2)
Epr " (5.6)
Eisil;fr2 Betti—Eisenstein class (Cor. 5.6)
cEisf;frz Integral EIS (Thm 5.7)
ELpw Elsensteln—Iwasawa class (Sect.5.3.4)

eco(Ioo X Neo, 1)
€00 (800 X Mooy 1)
ep(np X Mps 1)
n

Mod. Euler factor at oo (Sect.2.5)
Mahnkopf factor at oo (9.5)

Mod. Euler factor at p (Sect.2.7)
Dirichlet char. of cond. p”"

m Dir. char., cond. D prime to p (Not. 6.5)
G(n) Gauss sum (Sect.2.1)

Vp Satake parameter (Sect.2.4)

H GL, x GL;

I(—,—) Principal series for GL; (Sect.5.2.1)
1;(X) I 172, 27 152 5.9)

t: H— GLj 4.1)

Hy Symmetric space for J (Sect. 3.1)

J General reductive group

j Integer0 < j <a

KGL,.0c0 € GL,(R) Max. cpct subgroup

K} » C GL,(R) = K&1, 00 ZGL

L Suff. large p- adlc field (Rem. 3.3)
A=(a,0,—a) Weight of I1

N C GL3 Upper-triangular unipotent

Np, Unipotent in P;
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vliH—>GL1
vzzH?GLl
1)1’(,1)2YH—>A,1

P, P, C GL3
I1

D, O¢

o

én

prGLz

pell

Poo,r,s,a

¥

RACAR

RX

S, So

th

T =1 € GL3(Q,)

T € GL3(@p)

On

Up1, Up

Up,l’ Up

U c J(Ar)

U

U, C GL3(Z))

Ui (p') C H(Ay)

u

Vi

v

Vu C GL3(Z))

%**

Wy

w
=la.jl =la,jl]

c™~n s C

EEI“’j] zla.jl

£, gl

V& (%))

Y(-)

YH

ZGL,,,oo

Z(-)

Z(-)

(y,2) > det(y)/z

(y,2) >z

(6.2)

9.1

= Qpv (Sect. 10)

Central char. of I1

Max. standard parabolics (Sect.2.6)
RACAR of GL3

Schwartz functions (Sect.5.1)

Specific Schwartz function (Sect.5.3.4)
Map W, (ITg) — H2(—) (Sect. 3.3)
Projection H — GL»

Cusp form (in L3(GL3(Q)\GL3(A)))
Vectors at co (Sect.7.2.1)

Additive character of Q\A (Sect.2.1)
Regular alg. cusp. auto. rep.

x ! -projector (5.1)

Spaces of Schwartz functions (Sect.5.1)
Twist by [[vi ||~/ (Sect.6.1.1)

diag(p, 1, 1) (2.6)

diag(p, p, 1)

Cohomological period (Sect.3.3.1)
(Normalised) Hecke ops. at p ((2.6), Sect. 3.2)
(Normalised) adjoint Hecke ops. (Sect.3.2)

Open compact level
Prime-to- p level
Def. 6.2
(Sect.6.1.2)
101\ /1
(1) ()
Highest weight rep. of GL3 (Sect.2.2)
Highest weight rep. of J
Def. 6.8
Local system attached to V. (Sect.3.2)
Whittaker transform (Sect.2.3.1)
Element in Wy, (IT)
H3 (Y CL3)-valued measures (Sect. 6.2)
Measures (Sect. 6.3)
Def. 6.9
Loc. sym. space for J (§3.1)
Local zeta integral (Def. 8.3)
Modified space for H (4.2)
Centre of GL, (R)
Local zeta integral (Def. 8.1)
Modified Z¥+2X (Thm. 8.2)
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Z(-) Global zeta integral (Def. 7.2)

ez, 2] Def. 6.6

foo € H (gl K3 o: oo ® V,Y(0)) (22)
(=, —u Poincaré duality pairing (Sect.3.4)
(= —la,j Branching law pairing (4.4)

(=)° Identity component

A Proof of Theorem 8.4

We now give the proof of the “partial functional equation” relating the ¥ and Z
integrals. Compare Proposition A.3 of [44], which is a closely related computation
in the case of GL, x GLj, rather than GL3 x GL;. Replacing (, x1, x2) with (r x
X1,1d, x2), we may suppose without loss of generality that x; = id.

Remark A.1 The overall shape of the computation is as follows: the integral
Z(W, ®; x1, x2, 51, 52) involves the function W‘D(—; X2, 52), which lies in the Whit-
taker model of a GL; principal-series representation (depending on the parameters
x2 and s2). Meanwhile, the Y integral involves f d’(—; X2, 52), which lies in the nat-
ural model of the GL; principal series (as a space of functions on GL, transforming
by a character under left-translation by the Borel). There is an explicit intertwining
operator from the natural induced model of the principal-series representation to its
Whittaker model, sending f®(—; x2, s2) to W®(—; x2, 52); and we need to show that
the composite of the Z integral and the intertwining operator agrees with the Y integral
up to the constant factor y (7 x x1/x2,51 — 2 + %).

We note that both integrals define elements of the space Homg (7 x o, C), where
o is a principal-series H -representation (depending on the parameters s;, x;). For
sufficiently general values of s;, the representation o is irreducible and generic, so
this Hom-space has dimension 1, by a well-known multiplicity-one result (see the
introduction of [52], where the result is attributed to J. Bernstein). Hence the two
integrals must be proportional, and it remains only to identify the constant as a y-
factor.

We begin by recalling some GL3 x GL| zeta-integrals introduced by Jacquet et al.
Welet F = Q; (in fact any nonarchimedean local field would work here).

Definition A.2 For W € W(IT) we consider the integrals

Wo(W, X, 5) =/x W (( i 1)) x(@lal*~! d%a

and

wl(W,x,s>=/

W ((i | )) x(@lal*~" dx d*a.
FxFx 1

By [27, Thm. 2.7(i),(ii)], both integrals converge for %i(s) > 0 and have mero-
morphic continuation to all s, and the greatest common divisor of the values of either
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integral is L(m X x, s). By part (iii) of the cited theorem, we also have a functional
equation for W;; let us write

1 .
w, = ( ) € GL,, wr,t:(ld’wk,) O<t<r).
1

For W € W(rr), we write W(g) = W(w,'g~"); the functions (W: W e W, ¥}
form the Whittaker model W(x, ¥ ~1). Then for j = 0, 1 we have the functional
equation

Wi W, x 1= =y x x, ¥, 5) - Wi (W, x,9). (A1)

We now write the torus integral y(- - -) (from Definition 8.5) in terms of Wy:
. s1—1 a
y(W.id, x2, s1,52)(g) := |det g|”" 2 / . w ! po1 ) W38
. _
|a|s1+s273/2|b|527“71/2X2(b) d><a dxb

1
_ |detg|“_2 / |a|sl+sz—3/2
a

1
[/W<w3( " )ws(“l )w3,18) Ibl‘”_“_l/zxz(b)dxb}dxa
b 1 1

1
= |detg"' "2 / |a|31+s2—3/2
a

. “ . ~ —b so—s1—1/2 X X
[/bws,l [wsws ("1 Jwsig-w] (( 11>>|b| xB)d*b | d%a

1
:XZ(—I)Idetg|S'_i/|a|S1+sz—3/2
a

a
‘1’0(w3,1~[w3,1w3< 11)w3,1g-W] ,Xz,sz—S1+%) d*a,

with the x> (—1) arising from the change of variables b <> —b. Applying the functional
equation (A.1) to the inner term, we can write this as

y(W,id, x2, s1, 52)(8)

1 .-
=y (T x x5 Y. 51— 52+ 3)xa(—1)| det g|" 2/|a|“+*2 3/2
a
“ -1 1 X
v (w311w3< 11>w3,1g'WaX2 7S1_S2_§) d”a.

The integral expands to

1
/|a|“+s2*3/2/ B 5272 (b))~ W ((” | 1) w3 1w3 ( | 1) w3,1g) dx d%a d*b
a b,x

1
Z/b |alSl+S2—3/2|b|51—52—§Xz(b)—lW(t(wZ(lx{b)(ab)g)) ddeade
a,n,x
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— s1+s2—3/2 sl—sz+% —1 1x a X X
, lal |b| x2) W (w2 (11) (9) ) dxd*ad*b.
a,b,x

By (8.1), integrating this against fp gives Y (- --). In this pairing, we obtain an inner
integral over B; and an outer integral over B>\GL,; so this rearranges into

Y(W, ®;id, x2, 51, 52)

1
=x2(=Dym x x; 51— s+ 1) /GL - W((g)) fo(wag)| det g*' "2 dg.
2

Splitting into an integral over N and an integral over N>\GL,, the N; factor acts on
W via ¥, so the integral over GL; equals

1
/ W(i(g))| det g|*' "2 (/ fowa (§%) &5 x2. )% (x) dx) dg.
N>\GLy(F) F

Since wy = (1 _1) (_1 1), and f transforms as y2(—1) under (1 1 ) by [37, §8.1]
the second integral is precisely y2(—1)We(g; x2, 52). The x2(—1)’s cancel; we con-
clude since

Y(W, ®:id, x2,51.8) =y (T x x5 ¥, 51 — 52+ 3)
1
x / W () Wa(g: X2, 52)| det g|*' ~2dg
N2\GL2(F)

=y x Xz_l, v, 51— 852+ %)Z(W, ®; id, x2, 51, 52).0
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